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In this thesis, we describe some wall crossings in Bridgeland stability and the birational geometry
of the associated moduli spaces of Bridgeland stable objects on a quartic K3 surface. In particular,
we study the picture for objects with Chern characters Ch(E) = (1, 0,−12) generically the ideal sheaf
of 12 points, Ch(E) = (1, 0,−16) generically the ideal sheaf of 16 points, and Ch(E) = (1, 0,−4n2)
generically the ideal sheaf of 4n2 points. Then, we relate these findings to studies of moduli
spaces of Bridgeland stable objects in three dimensional projective space of Chern character
Ch(E) = (1, 0,−3, 5) generically the ideal sheaf of a twisted cubic, and to Ch(E) = (1, 0,−4, 8)
generically the ideal sheaf of a degree 4 elliptic curve. Finally, we examine some of the maps from
the moduli spaces of Bridgeland stable objects in three dimensional projective space to the moduli
spaces of Bridgeland stable objects on the K3 surface induced by the restriction map and relate
their birational geometries.
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INTRODUCTION
Early on, the classification of vector bundles on curves and later on surfaces relied on techniques
developed by Mumford [1], through the notion of slope stability. This classification took in
information of the rank and degree of the objects in question, but did not examine information
in codimension 2. One goal of classifying vector bundles and torsion-free sheaves was to create
moduli spaces to parametrize the objects, with potentially interesting geometric properties of the
moduli spaces themselves providing further avenues of study. To construct such spaces, not only
were stable objects considered, but also semistable objects which one could think of in a sense as
limiting objects to those which were classified as stable. Gieseker [2] later on refined this notion
of stability with a different approach, one that considered additional topological information. In
particular, this allowed for a finer classification by looking at higher codimension data of the vector
bundles and torsion-free sheaves under consideration. In spite of this greater use of information, the
two notions of stability are closely related and in certain cases coincide, for example on smooth
projective curves. The moduli spaces of slope stable and Gieseker stable objects are compactified by
the addition of the semistable objects, allowing for a more complete study of the moduli spaces.
Extensions of these notions later allowed for considerations of sheaves which were torsion objects,
but only to a certain extent.
Later, Bridgeland introduced the notion of stability to triangulated categories [3] and the derived
categories of coherent sheaves. This was a development that generalized earlier notions of stability in
a few different ways by considering torsion objects supported in higher codimension and complexes
of sheaves rather than just torsion-free sheaves. One advantage of examining complexes was the fact
that this notion of stability was preserved for an object in the derived category and its image under
the Fourier-Mukai transform, while earlier notions of stability were not even defined for complexes
of sheaves. To extend stability to the derived category, Bridgeland constructed stability conditions
that were based off of both slope stability and Gieseker stability; he defined particular categories and
slope functions which exhibited Harder-Narasimhan filtrations, relying on slope stable and twisted
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Gieseker stable objects as the basic filtering objects. He also constructed a complex manifold which
parametrized stability conditions, and recovered earlier notions of stability. In particular, one talks
of the ‘large volume limit’ within the stability manifold, which is associated with twisted Gieseker
stability.
In Bridgeland’s approach for K3 surfaces [4], a Mukai vector v is fixed which specifies certain
Chern character data. Within the stability manifold, there exist walls associated to the fixed
Mukai vector, corresponding to a non-parallel second non-zero Mukai vector w and sets of stability
conditions which assign to both v and w the same slope. This decomposes the stability manifold
into walls and their complements, which are called chambers. One observes that if an object E
with Mukai vector v is stable with respect to a stability condition σ located in a given chamber C,
that in fact the object E is stable with respect to σ′ for every σ′ ∈ C. The sets of stable objects
with fixed Mukai vector only depends on the chamber and not on individual stability conditions
within the chamber. The ‘large volume limit’ corresponds to an outermost chamber, in which the
stable torsion-free sheaves coincide with Gieseker twisted semistable sheaves. When crossing a wall
separating adjacent chambers, there are stable objects which then become destabilized on the other
side of the wall, and there are potentially new stable objects which were not stable with respect to
stability conditions in the previous chamber. This corresponds to birational transformations of the
moduli spaces of stable objects associated to the chambers, in which the loci undergoing a birational
change parametrize the destabilized objects and loci left unmodified parametrize the objects that
remain stable during the wall crossing. Work done later by Arcara, Bertram, and Lieblich in [5],
and Maciocia in [6] expanded the Bridgeland Stability conditions in use and work done by Bayer
and Macrí in [7] and [8] developed the picture for K3 surfaces to greater depth.
The goal of the first part of this thesis is to classify up to isomorphism, Bridgeland stable objects
E with Chern character Ch(E) = (1, 0,−12) on a fixed, general K3 surface S which is a degree
four hypersurface in P3. In this case, the ‘large volume limit’ is known to be the Hilbert scheme of
12 points on S. As Hilbert schemes of points on surfaces have been a source of prior study, this
provides a known starting point for this endeavour as well as some potentially new directions for
studying the geometry of this Hilbert scheme. This direction of study is in part informed by the
work of Benjamin Schmidt in his work [9], in which he identified moduli spaces of Bridgeland stable
sheaves on P3 with Chern character Ch(E) = (1, 0,−3, 5), generically the ideal sheaf of the twisted
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cubic. In this study, the ‘large volume limit’ corresponds to the Hilbert scheme of twisted cubics. He
then varied the notion of stability and studied the associated birational modifications of the moduli
spaces that arise from wall crossings. In many cases, the maps induced by restriction from the
moduli spaces on P3 that Schmidt described restrict to Lagrangian subvarieties within the moduli
spaces of Bridgeland stable objects on the K3 surface. In the first chapter, we explore the parallel
study on the K3 surface S by classifying sheaves and identifying corresponding moduli spaces and
birational geometry between them. Then, we relate the moduli spaces in the P3 and K3 settings,
describing how restrictions of objects in the P3 moduli spaces interact with the K3 moduli spaces
and how wall crossings in both contexts affect the objects simultaneously.
Later, the same process is run again to classify objects with Chern character Ch(E) = (1, 0,−16)
on a fixed, general degree four K3 surface S ⊂ P3. This direction of study is in part informed by
the work of Gallardo et al in [10], where they considered the Chern character Ch(E) = (1, 0,−4, 8),
generically the ideal sheaf of a curve C which is the intersection of two degree 2 hypersurfaces in
P3. The ‘large volume limit’ in this study is Hilb4t(P3), which parametrizes subschemes of genus 1
and degree 4. The restriction of such an object to S has the Chern character Ch(E) = (1, 0,−16),
generically the ideal sheaf of 16 points. The Hilbert scheme of 16 points provides a starting point in
the sequence of moduli spaces undergoing birational transformations that correspond to the wall
crossings within the stability manifold.
Finally, some basic results are formulated for the general case of objects with Chern character
Ch(E) = (1, 0,−4n2) for integers n ≥ 2. These may be realized in part as restrictions of the ideal
sheaves of curves C, where C is the intersection in P3 of two degree n hypersurfaces; the analysis
we conduct does not provide a complete picture but instead attempts to generalize some basic
observations made when looking at the case of Ch(E) = (1, 0,−16). The sequence of moduli spaces
will start off with the Hilbert scheme of 4n2 points and certain wall crossings and their associated
birational transformations suggest the existence of different components of the moduli spaces of
Bridgeland stable sheaves on P3 with Chern character Ch(E) = (1, 0,−n2, n3).
On the K3 surface S, the process for studying the objects highlighted above and their moduli
spaces follows a particular recipe.
1. The first step involves identifying possible destabilizing subobjects and quotients for the
objects of study. This is achieved through a combination of calculating restrictions on the
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Chern characters of these destabilizing objects and classifying what the objects associated to
these Chern characters are.
2. The second step involves calculating Ext1 groups, which are used in determining the loci of
objects that become destabilized during a wall crossing.
3. The third step involves classifying each wall to determine the precise wall crossing behavior.
This connects the destabilized loci determined in step two with the birational geometry
associated to crossing the wall, and the transformations between the moduli spaces associated
to the adjacent chambers in the stability manifold separated by the wall.
4. The fourth step involves examining how Bridgeland stable objects in the moduli spaces of
sheaves on P3 restrict to the moduli spaces of Bridgeland stable sheaves on the K3 surfaces,
and what maps exist between these sets of moduli spaces. In addition, an analysis of the wall
crossings and birational transformations between both sets of moduli spaces elucidates to a
degree how these sets of moduli spaces are related to each other.
Following this program, we present the following results regarding the moduli spaces of Bridgeland
stable objects of chern characters Ch(E) = (1, 0,−12) and Ch(E) = (1, 0,−16) respectively.
Theorem 1. There is a path γ : [0, 1]→ R× R>0 ⊂ Stab(K3) that crosses the following walls for
v = (1, 0,−12) in the following order. The walls are defined by the two given objects having the
same slope, and all strictly semistable objects at each of the walls are extensions of those two objects.
Let Zk ⊂ S be a zero-dimensional length k ≥ 1 subscheme of the K3 surface S, and i∗L(n) be a






The chambers separated by those walls lead to the following moduli spaces.
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• The first moduli space is the Hilbert scheme of 12 points on the K3 surface, a smooth, irreducible,
symplectic variety of dimension 24 parametrizing ideal sheaves of length 12, zero dimensional
subschemes of S.
• The second moduli space is a smooth, irreducible symplectic variety of dimension 24. This
results from a Mukai flop of an embedding of a P9−bundle over BM(−12).
• The third moduli space is a smooth, irreducible symplectic variety of dimension 24. This
results from a Mukai flop of an open subset of an embedding of a P8−bundle over the product
S ×BM(−11).
• The fourth moduli space is a smooth, irreducible symplectic variety of dimension 24. This
results from a Mukai flop of an open subset of an embedding of a P7−bundle over the product
Hilb2(S)×BM(−10).
• The fifth moduli space is a smooth, irreducible symplectic variety of dimension 24. This
results from a Mukai flop of an open subset of an embedding of a P6−bundle over the product
Hilb3(S)×BM(−9).
• The sixth moduli space is a smooth, irreducible symplectic variety of dimension 24. The
birational transformations from crossing this wall include a Mukai flop of an open subset of
an embedding of a P5−bundle over the product of Hilb4(S)×BM(−8) and a Mukai flop of an
an open subset of an embedding of a P3−bundle over a Beauville-Mukai system of degree −12
torsion-free sheaves supported a quadric hypersurface section of S. The Lagrangian subvariety
of Hilb12(S) parametrizing the restriction of ideal sheaves of twisted cubics is also destabilized.
The remaining points of the moduli space do not parametrize objects which are the restrictions
of objects given by Theorem 39.
Theorem 2. There is a path γ : [0, 1]→ R× R>0 ⊂ Stab(K3) that crosses the following walls for
v = (1, 0,−16) in the following order. The walls are defined by the two given objects having the
same slope, and all strictly semistable objects at each of the walls are extensions of those two objects.
Let Zk ⊂ S be a zero-dimensional length k ≥ 1 subscheme of the K3 surface S, and i∗L(n) be a









The chambers separated by those walls lead to the following moduli spaces.
• The first moduli space is the Hilbert scheme of 16 points on the K3 surface, a smooth, irreducible,
symplectic variety of dimension 32 parametrizing ideal sheaves of length 16, zero dimensional
subschemes of S.
• The second moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an embedding of a P13−bundle over BM(−16).
• The third moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an open subset of an embedding of a P12−bundle over the product
S ×BM(−15).
• The fourth moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an open subset of an embedding of a P11−bundle over the product
Hilb2(S)×BM(−14).
• The fifth moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an open subset of an embedding of a P10−bundle over the product
Hilb3(S)×BM(−13).
• The sixth moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an open subset of an embedding of a P9−bundle over the product
Hilb4(S)×BM(−12).
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• The seventh moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an open subset of an embedding of a P8−bundle over the product
Hilb5(S)×BM(−11).
• The eighth moduli space is a smooth, irreducible, symplectic variety of dimension 32. The
birational transformations from crossing this wall include a Mukai flop of an open subset
of an embedding of a P7−bundle over the product Hilb6(S) × BM(−10) and a Mukai flop
of an embedding of open subset of a P7−bundle over a Beauville-Mukai system of degree
−16 torsion-free sheaves supported on a quadric hypersurface section of S. The Lagrangian
subvariety of Hilb16(S) parametrizing the restriction of ideal sheaves of elliptic quartic curves
is also destabilized. The remaining points of the moduli space do not parametrize objects which
are the restrictions of objects given by Theorem 47.
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CHAPTER 1
Moduli spaces for Chern character (1, 0,−12)
1.1 Background
In this thesis, the results that we present rely heavily of various notions of stability. Early
notions of stability were developed to classify vector bundles on curves and low-dimensional varieties.
Later these were further developed to explore a wider variety of objects and contexts, encompassing
torsion-free coherent sheaves among others. Tom Bridgeland continued this development, expanding
the use of these notions of stability to the derived category of coherent sheaves on surfaces. One of
his motivations in developing these tools was to find a way to classify stability of objects and their
images under Fourier-Mukai transforms, which in general send sheaves to complexes of sheaves.
At each step of development, the notions of stability were linked to the construction and study
of associated moduli spaces of such objects. In this section, we will present the basic notions of
these different forms of stability and collect facts about them that will prove useful in subsequent
sections.
We first recall the definition of Mumford-Takemoto stability. For this, the setting will be a
smooth, complex, projective variety X of dimension n. See Chapter 4 of [11] for a deeper treatment
of these definitions and theory.
Definition 3. [11] Fix an ample class H on X. For a given torsion-free coherent sheaf E, the
µH−slope of E is given by µH(E) = c1(E)·H
n−1
rk(E) . Such a sheaf is said to be semistable if for every
non-zero coherent subsheaf 0 ( F ( E where 0 < rank(F) < rank(E), µH(F) ≤ µH(E), and stable
if the inequality is strict. If there exists a non-zero torsion-free coherent subsheaf F with strictly
greater slope than that of E, then E is said to be destabilized by F .
This notion of stability will be referred to as µH−stability or slope stability.
Remark. One of the properties that µH−slope satisfies is called the see-saw property. For an exact
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sequence of torsion-free coherent sheaves,
0→ E → F → G → 0
µH(E) ≤ µH(F) if and only if µH(F) ≤ µH(G); this also holds when all inequalities are made strict.
One immediate consequence of this is for two semistable objects E and F where µH(E) > µH(F),
Hom(E ,F) = 0. Another useful property of this notion of stability is that replacing H by a positive
multiple of H, say aH for a > 0, will scale the slopes µaH(E) of objects E by an−1, but will respect
all inequalities. Hence, (semi)stability with regards to H is equivalent to (semi)stability with regards
to aH for a > 0. This will be useful later on, especially in reducing notation in defining a certain
class of Bridgeland stability conditions that are used in this work.
While slope stability is a first step towards classifying vector bundles and torsion-free coherent
sheaves, it detects topological properties of the objects in question only up to codimension one; for
the study of sheaves on curves this is sufficient and for surfaces this goes a long way. To refine this
notion and gain more sensitivity to aspects of higher codimension, we next present the notion of
Gieseker Stability. See chapter 1, section 2 of [12] for more background on this.
Again, we let X be a smooth complex projective variety of dimension n and specify by O(1) an
ample line bundle on X. Let F be a torsion-free sheaf on X whose support is the whole variety.
Denote by F(m) the object F⊗O(m) wherem ∈ Z. The Euler characteristic of F(m) onX is defined
as χ(F(m)) =
∑n
i=0 dimCHi(X,F(m)). We can interpret this as χ(F(m)) =
´
X Ch(F(m))td(X),
where Ch(F(m)) is the Chern character of F(m) and td(X) is the Todd class of X. This will be a
polynomial in m of degree n with rational coefficients, and is called the Hilbert polynomial P (F ,m).
For non-zero F , the leading coefficient is positive, so we may divide the Hilbert polynomial by this
to create a monic polynomial in m of degree n, known as the reduced Hilbert polynomial p(F ,m).
Definition 4. A torsion-free sheaf F of dimension n is said to be semistable if for every non-zero
subsheaf 0 ( G ( F , p(G,m) ≤ p(F ,m) for m  0. If the inequality is strict, we say that F is
stable. If there exists a non-zero torsion-free coherent subsheaf F with strictly greater reduced Hilbert
polynomial than that of E, then E is said to be destabilized by F
Remark. The notion of Gieseker slope also satisfies the see-saw property and follows similar
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restriction on maps between semistable objects determined by unequal slopes. In fact, in the remarks
in 1.1 above, one can replace the notion of µH−stability by Gieseker stability and µH(E) by p(E ,m)
for m  0 and all statements follow. Moreover, an analogous scaling phenomenon exists, by
replacing O(1) with O(l) for integer l > 0, since the long term behavior remains invariant under
such a change.
Remark. Further inspection of the coefficients of the Hilbert Polynomial P (F ,m) yields the fact
that the leading coefficient is a fixed scalar multiple of the rank of F and the second coefficient is the
sum of a fixed scalar multiple of the value c1(F) ·Hn−1, the degree of the sheaf, with a fixed constant
depending on the Todd class of the variety and the ample class. As such, the second coefficient of the
reduced Hilbert Polynomial is then a sum of a fixed scalar multiple of deg(F)rk(F and a fixed constant,
which by definition 3 is precisely the notion of µH−slope uniformly shifted, for H ∈ |O(1)|. Hence
we have the following string of implications
µH − stable→ Gieseker stable→ Gieseker semistable→ µH − semistable
While stable and semistable objects with regards to either notion of stability satisfy several nice
properties, in general an object may not be stable nor semistable. Two methods of relating these
objects back to stable and semistable objects involve the notions of filtrations. The following two
filtrations are of great use and are important to present and discuss briefly.
We first recall the Harder-Narasimhan filtration as presented in Section 1.3 of [12]. The idea
here is to use semistable sheaves to form a filtration of a given sheaf.
Definition 5. Let E be a coherent sheaf of dimension n on a smooth, complex, projective variety X
of dimension n. Then, there exists a sequence of subsheaves
0 = E0 ⊂ E1 ⊂ · · · ⊂ El = E
where the quotients HNi = Ei/Ei−1 for i = 1, . . . , l are semistable sheaves of dimension n satisfying
pmax(E) = p(HN1,m) > p(HN2,m) > · · · > p(HNl,m) = pmin(E). Moreover, for a sheaf of pure
dimension n, this filtration is unique and is known as the Harder-Narasimhan filtration of E.
Remark. In the above definition note that pmax(E) = pmin(E) if and only if E is already a semistable
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sheaf.
For an example, one may consider on P1 the object E = O ⊕ O(1) with H ∈ |O(1)|. Then
µH(O(1)) = 1 > 12 = µH(E). The object is clearly not µH−semistable, and hence not Gieseker
semistable, but we can break it into Gieseker stable components, namely O and O(1) (these are
both µH−stable and hence Gieseker stable).
A second filtration exists which instead uses graded factors that are stable rather than semistable.
In this case, we restrict our attention to starting with a semistable sheaf E , as presented in Section
1.5 of [12].
Definition 6. Let E be a semistable sheaf on X of dimension n. A Jordan-Hölder filtration of E is
given by a sequence of subsheaves
0 = E0 ⊂ E1 ⊂ · · · ⊂ El = E ,
such that the factors gri = Ei/Ei−1 for i = 1, . . . , l are stable with reduced Hilbert Polynomial p(E ,m).
Remark. In this filtration the graded components individually are not unique, but the total associated
graded gr(E) = ⊕li=1 gri is unique. Moreover, the subsheaves Ei are semistable with reduced Hilbert
polynomial equal to p(E ,m).
For example, let C be a smooth projective curve and OC(D1) and OC(D2) be two non-isomorphic
line bundles on C of the same degree. The line bundles are µH−stable. The object E = OC(D1)⊕
OC(D2) has JH-factors OC(D1) and OC(D2), which are not unique, but the total associated graded
object is unique.
The role of the Jordan-Hölder filtration is important in the notion of S-equivalence, which will
be used in conjunction with the discussion of moduli spaces later on. We recall the definition of
S-equivalence here for later use.
Definition 7. Let E1 and E2 be two semistable sheaves such that gr(E1) ∼= gr(E2). Then we call E1
and E2 S-equivalent.
Remark. The notion of µH−stability can be expanded to coherent sheaves E that are not necessarily
torsion free. On surfaces this is extended to coherent sheaves, aside from those with finite supports,
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in the following way. If the rank of a coherent sheaf is 0 and is not finitely supported, then we
define its slope to be +∞; otherwise if it has positive rank, define the slope the same way as classical
Mumford slope. Moreover, HN-filtrations exist with µH−semistable graded factors. If the sheaf
has torsion, the filtration 0 ⊂ E0 ⊂ E1 ⊂ · · · ⊂ En = E has E0 = tors(E) and the graded factors
Ei/Ei−1 for i > 0 are all torsion-free µH−semistable factors of strictly decreasing slope. In this
filtration, E0 is not further decomposed, though may contain torsion objects of various supports and
codimensions. See Section 2 of [5] and section 5 of [13] for examples of this.
The notion of S-equivalence is the correct notion of equivalence when trying to construct moduli
spaces of stable and semistable sheaves. Moreover, the stability conditions we use and will present
later come with associated coarse moduli spaces parametrizing S-equivalent objects. In particular,
objects with Chern character (1, 0,−n) for positive integer n will have associated to them moduli
spaces parametrizing Bridgeland stable and semistable objects of the prescribed Chern character.
However, it is not just torsion-free sheaves or even sheaves, but more generally complexes that
these may represent. In this way, we observe an expansion of the scope of objects from the more
classical moduli spaces which examined torsion-free sheaves. Furthermore, there is a link between
the Bridgeland moduli spaces and the Gieseker moduli space, allowing comparison of the Bridgeland
moduli spaces with the Hilbert scheme of n points on S corresponding to the Gieseker moduli space
of stable, torsion-free sheaves with the prescribed Chern character. More on this can be found in [7]
and [8].
Next, we recall some facts about K3 surfaces S that are useful in light of the construction of
stability conditions that Bridgeland laid out in [4].
The Mukai form takes two vectors of the form
(r1, D1, s1), (r2, D2, s2) ∈ H∗(S,Z) = H0(S,Z)⊕H2(S,Z)⊕H4(S,Z)
and pairs them as
〈(r1, D1, s1), (r2, D2, s2)〉 = D1 ·D2 − r1s2 − r2s1.
This is a symmetric bilinear form on the above cohomology ring. Moreover, the Mukai vector
of an object is defined as v(E) = (r(E), D(E), s(E)) = Ch(E)
√
td(S) where Ch(E) is the Chern
12




dimC ExtiS(E,F ) = −〈v(E), v(F )〉.
Next, we recall the basics of Bridgeland stability conditions. To do so, we state a few definitions
and facts about stability conditions on triangulated categories that form the basis for the theory.
Definition 8 ([4]). Let D be a triangulated category. A stability condition σ = (Z,P) on a
triangulated category D consists of a linear map Z : K(D)→ C called the central charge, and full
additive subcategories P(φ) ⊂ D for each φ ∈ R satisfying the following axioms:
• if 0 6= E ∈ P(φ), then Z(E) = m(E) exp(iπφ) for some m(E) ∈ R>0,
• for all φ ∈ R, P(φ+ 1) = P(φ)[1],
• if φ1 > φ2 and Aj ∈ P(φj), then HomD(A1,A2) = 0,
• for 0 6= E ∈ D, there is a finite sequence of real numbers φ1 > φ2 > · · · > φn and a collection
of triangles with Aj ∈ P(φj) for all j.
0 = E0 E1 E2 · · · El−1 El = E
A1 A2 Al−1 Al
Remark. The collection of triangles in definition 8 is an analogue of, and referred to as, the
Harder-Narasimhan filtration for the object E ∈ D. Moreover, the objects in P(φ) are referred to as
semistable with respect to σ, and the simple objects among those are known as stable objects.
To construct certain stability conditions, Bridgeland uses the notion of Torsion Pairs and Tilting
on triangulated categories. We recall the definitions of these.
Definition 9 ([4]). Let A ⊂ D a full, additive subcategory. We call A a heart of a bounded
t-structure if:
1. For integers i > j, and any E,F ∈ A, Hom(E[i], F [j]) = 0.
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2. For any E ∈ D, there are integers m < n and triangles
0 = Em Em+1 Em+2 · · · En−1 En = E
Am+1 Am+2 An
• Here, Ai[i] ∈ A and are called the cohomology objects of E with respect to A, denoted by
Ai[i] =: HiA(E).
Definition 10 ([4]). A torsion pair in an abelian category A is a pair of full subcategories (T ,F)
of A which satisfy HomA(T, F ) = 0 for T ∈ T and F ∈ F , and such that every object E ∈ A fits
into a short exact sequence
0→ T → E → F → 0
for some pair of objects T ∈ T and F ∈ F .
Definition 11 ([4]). Suppose A is the heart of a bounded t-structure on a triangulated category
D. Given an object E ∈ D, let H i(E) denote the ith cohomology object of E with respect to this
t-structure. Suppose (T ,F) is a torsion pair in A. Then the full subcategory
A# = {E ∈ D | H i(E) = 0, i 6= −1, 0 H−1(E) ∈ F , H0(E) ∈ T }
is the heart of a bounded t-structure on D.
On these structures Bridgeland then defined stability functions with properties analogous to
those of the classical slope functions.
Definition 12 ([3]). A stability function on an abelian category A is a group homomorphism
Z : K(A) → C such that for all 0 6= E ∈ A the complex number Z(E) lies in the strict upper
half-plane H = {r exp(iπφ) : r > 0 and 0 < φ ≤ 1} ⊂ C.
Definition 13 ([3]). Let Z : K(A) → C be a stability function on an abelian category A. An
object 0 6= E ∈ A is said to be semistable (with respect to Z) if every subobject 0 6= A ⊂ E satisfies
φ(A) ≤ φ(E).
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Definition 14 ([3]). Let Z : K(A) → C be a stability function on an abelian category A. A
Harder-Narasimhan filtration of an object 0 6= E ∈ A is a finite chain of subobjects
0 = E0 ⊂ E1 ⊂ · · · ⊂ En−1 ⊂ En = E
whose factors Fj = Ej/Ej−1 are semistable objects of A with
φ(F1) > φ(F2) > · · · > φ(Fn).
The stability function Z is said to have the Harder-Narasimhan property if every nonzero object of
A has a Harder-Narasimhan filtration.
Bridgeland proved the following, linking the notions of stability conditions on triangulated
categories using slicings and stability conditions on the heart of a bounded t-structure.
Proposition 15 ([3]). To give a stability condition on a triangulated category D is equivalent to
giving a bounded t-structure on D and a stability function on its heart with the Harder-Narasimhan
property.
Bridgeland then defined a certain class of Stability conditions, and we use the class of stability
conditions defined in [5] in the following way.
Let α, β ∈ NS(X) ⊗ R, the real Néron-Severi group, with α ample. In the case that X has
Picard rank 1 where Pic(X) ∼= Z〈H〉 for ample H, we may abuse notation and view α := αH and
β := βH, where α, β ∈ R and α > 0. Denote by (Tβ,Fβ) a torsion pair on the category of coherent
sheaves on X Coh(X) where Tβ consists of torsion sheaves and sheaves whose torsion-free parts
have µα−semistable Harder-Narasimhan factors of slope µα > α · β and Fβ consists of torsion-free
sheaves, all of whose µα−semistable Harder Narasimhan factors have slope µα ≤ α · β. Observe
that for an object E with Chern character (r, cH, d),
cH · αH
r
= µα(E) > (βH · αH) iff
cH ·H
r
= µH(E) > βH ·H
so
µα(E) > α · β iff µH(E) > β
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and thus these subcategories only depend on the value of β. Tilting Coh(X) ⊂ Db(X) in the
bounded derived category of coherent sheaves on X with respect to this torsion pair results in the
bounded t-structure with corresponding heart






paired with Aβ defines a particular class of stability conditions. By Corollary 2.1 and the subsequent
remark in [5], (Zβ,α,Aβ) are indeed Bridgeland stability conditions. It is these stability conditions
that we will work with for the remainder of this thesis.
Note that objects in E ∈ Aβ fit into short exact sequences
0→ H−1(E)[1]→ E → H0(E)→ 0
and a short exact sequence in heart Aβ that takes the form
0→ A→ B → C → 0
can be expressed in the following form:
0→ H−1(A)→ H−1(B)→ H−1(C)→ H0(A)→ H0(B)→ H0(C)→ 0
16
1.2 Walls and destabilizing objects
In this chapter, we will determine the possible destabilizing sub-objects for objects in the bounded
derived category of coherent sheaves on S, Db(S), with Chern character Ch(E) = (1, 0,−12).
Generically, these correspond to ideal sheaves of 12 points on the K3 surface S. Then we will
determine the walls associated to these pairs of destabilizing objects.
Throughout this chapter, we denote by H the hyperplane class on S, restricted from P3.
Furthermore, S is a generic quartic hypersurface in P3 and so is smooth with degree H2 = 4. We
realize H ∈ |OS(1)|.
For an object E ∈ Db(S), associated to it is the Chern character Ch(E) = (ch0(E), ch1(E), ch2(E)).
The Picard group of S is generated by H; hence, for stability conditions given by a choice of real
α, β ∈ NS(S)⊗ R with α ample, these are just multiples of H. For ease of notation, we denote the
stability condition σβH,αH = (ZβH,αH ,Aβ) by σβ,α where α > 0.
Definition 16 ([9]). Define Ch(E(−n)) = Ch(E) · exp(−nH). Observe that this is in fact equal to
Ch(E ⊗O(−n)). Moreover, define for real number k, Chk(E) = Ch(E) · exp(−kH), which results
in the following numerics
chk0(E) = ch0(E) chk1(E) = ch1(E)− kch0(E)H chk2(E) = ch2(E)− kch1(E)H +
k2H2
2 ch0(E)
Thus, from the previous statement, one may observe that for integer k, Chk(E) = Ch(E ⊗O(−k)).




≤ (>) βH ·H




However, for µH−stable objects, ch0(E) ≥ 0 with equality only in the case of torsion objects
supported on a codimension one or two subvariety, so the above inequalities can be translated to
chβ1 (E) ≤ (>) 0. Moreover, observe that Ch(E[1]) = −Ch(E). Hence, ch
β
1 (E[1]) ≤ (>) 0 if and only
if chβ1 (E) ≥ (<) 0.
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Recall that for objects in E ∈ Aβ, there is a short exact sequence within which E sits
0→ H−1(E)[1]→ E → H0(E)→ 0
where H−1(E) ∈ Fβ and H0(E) ∈ Tβ. This means that chβ1 (H−1(E)) ≤ 0 and ch
β
1 (H0(E)) > 0 if
H0(E) is non-empty and torsion-free and +∞ otherwise. The takeaway is that from the above
observations, we see that chβ1 (E) ≥ 0 for any E ∈ Aβ.
A useful lemma, adapted from [13] is the following Bogomolov inequality result:






and ch1(E(−s)) = c1(E(−s)), it follows that ch2(E(−s)) = −c2(E(−s)). Furthermore, since
twisting by a line bundle does not change the value of 2rc2(E)− (r − 1)c1(E)2,
2rc2(E(−s)) = 2rc2(E(−s))− (r − 1)c21(E(−s)) = 2rc2(E)− (r − 1)c21(E) ≥ 0
The last inequality is the classical Bogomolov inequality, see Theorem 3.14 of [14]. However, this
implies that −2rch2(E(−s)) ≥ 0 and since r ≥ 1, it follows that
ch2(E(−s)) ≤ 0
.









H2 − d+ i(cαH2 − rαβH2)
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and the associated slope is
µβ,α(E) = −















Moreover, we define the slope to be +∞ when the denominator vanishes.
We are interested in how the slopes of given objects and their sub-objects change as the stability
condition varies within the stability manifold. In particular, we wish to explore the loci where the
slope of an object E is equal to the slope of a sub-object. Before we start determining such loci, we
begin with a preliminary definition.
Definition 18 ([13]). For a given Chern character (r, cH, d), a potential wall is given by (r′, c′H, d′)
and defined as W((r,c,d),(r′,c′,d′)) := {(β, α) | µβ,α(r, c, d) = µβ,α(r′, c′, d′)}.
Geometrically, this amounts to the locus given by the equation
−rα22 + (
d




−r′ α22 + (
d′
4 − c




which we rewrite as
W((r,cH,d),(r′c′Hd′)) = {(β, α) | (α2 + β2)(rc′ − r′c)−
β
2 (rd
′ − r′d) + 12(cd
′ − c′d) = 0}
Remark. Following the analysis from [13], observe some useful facts. First observe that if (r, c, d)
and (r′, c′, d′) are non-zero scalar multiples of each other, then they will exhibit the same slope, so we
will assume that they are not. We will assume that one of r, r′ 6= 0 so without loss of generality let
r 6= 0. If rc′ = r′c, then the wall is vertical and given by the solution β = cd′−c′drd′−r′d (the denominator
vanishes iff the Chern characters are scalars of each other). However, if rc′ 6= r′c, then the locus



















Remark. Suppose E is Mumford-stable torsion-free sheaf with c′ = c1(E) = 0. Then r′ is positive,
so by Lemma 17, d′ ≤ 0. One vertical wall is possible when 0 = r′c, i.e., when c = 0, occurring at
β = 0.
For c 6= 0, WLOG c < 0, observe that the walls are nested semi-circles with






x = rch2(E)− r(E)d
−4r(E)c
In particular, if E = IZ is the ideal sheaf of a zero-dimensional subscheme Z ⊂ S of length
n ≥ 0, then Ch(E) = (1, 0,−n) and walls are hence nested semi-circles with center (x, 0) and radius√
x2 − n2 , with x =
nr+d
4c , for destabilizing sub-objects F with Chern character Ch(F ) = (r, cH, d).
Theorem 19 ([6], Bertram’s Nested Wall Theorem). Let X be a smooth complex projective surface.
Pick an ample α ∈ NS(X) and a real class β ∈ NS(X)⊗R. Then for any class v ∈ N(X) representing
the Chern character of a µα−semistable sheaf or a torsion sheaf on X there is a half-plane Π = Πβ,α,1
in the stability manifold Stab(X) which contains the basic Bridgeland stability condition (Aβ, Zβ,α)
such that the intersection of the walls with Π are nested. In particular if the Picard rank is 1, the
walls in the space of basic stability conditions are nested.
Remark. Combining the previous remark and Theorem 19, we see that for fixed c < 0, r > 0, n ≥ 0
and d1 < d2, the center of the wall corresponding to Ch(F ) = (r, c, d1) is to the right of the center of
the wall corresponding to Ch(F ) = (r, c, d2). Thus, if F = IZ(c) and F ′ = IZ′(c) where |Z ′| < |Z|,
then ch2(F ) < ch2(F ′), so the wall determined by F is contained within the wall determined by F ′.
Remark. Observe that if we fix a value for β, and look at the ray starting at α = 0 and extending
to positive α, then this line segment will intersect every wall that contains the point (β, 0). In
particular, choosing (β, 0) to be the endpoint of a wall and sending α to +∞, the ray will intersect all
walls that contain the wall with endpoint (β, 0). In practice, this is useful for determining potential
walls arising in the stability manifold if one wall is already known, say from properties of the objects
being studied.




• (a) Skyscraper sheaves Cx are stable objects for all (β, α).
• (b) If E ∈ Aβ is stable for fixed β and α >> 0, then E ∈ Tβ or, if H−1(E) 6= 0, then H0(E)
is a sheaf of finite length.
• (c) Torsion-free sheaves in Tβ that are not Mumford (µH) semistable are not (β, α)− semistable
for large α.
• (d) Line bundles OS(k), k > β, are stable objects of Aβ for all α.
Remark. Since the skyscraper sheaves Cx are stable objects for all such stability conditions, by
Theorem 2.9 of [8], these stability conditions are called geometric and in particular lie in a connected
component Stab†(S) of the stability manifold Stab(S). Moreover, applying Theorem 2.5 of [8], for
σ ∈ Stab†(S), generic with regards to v (not lying on a wall induced by v), the coarse moduli space
of σ−semistable objects of primitive Mukai vector v exists and has dimension v2 + 2 when positive.
Furthermore, this moduli space is a normal, projective, irreducible variety and hyperkähler. Hence,
for the primitive Mukai vector v = (1, 0,−(n− 1)), the dimension of any such moduli space is 2n
whenever n > 0. Additionally, by Remark 2.14 of [8], given a polarization H, there is always a
Gieseker chamber C which corresponds to the H−Gieseker stable sheaves. This is known in the
literature as the ‘large volume limit.’
We recall the following result from [13] which provides us with facts both useful now and in
subsequent chapters. The proof given in [13] transfers without change to the setting of the K3
surface.
Lemma 21 ([13]). Suppose E is a coherent sheaf of positive rank with ch1(E) = 0 satisfy-
ing: ch2(E) < 0 and suppose A → E is a map of coherent sheaves which is an inclusion of
µβ0,α0−semistable objects of Aβ0 of the same slope for some (β0, α0) ∈ W := W(Ch(A),Ch(E)). Let
(β1, 0) and (β2, 0), with β1 < β2, be the intersection points of the (semi-circular) wall W with
the β−axis. Let K = ker(A → E) be the kernel sheaf. Then, K ∈ Fβ and A ∈ Tβ for every
β1 < β < β2.
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Proof. See Corollary 6.4 or Lemma 6.3 of [13] for the details of the proof.
Applying Lemma 21 to the sequence 0→ OS(−3)⊕2 → OS(−2)⊕3 → IZ → 0, the restriction of
the resolution of the ideal sheaf of a twisted cubic where Z = S∩C, we observe that OS(−2)⊕3 ∈ Tβ
and OS(−3)⊕2 ∈ Fβ for −3 < β < −2, hence (OS(−3)⊕2[1],OS(−2)⊕3) is a destabilizing pair for
all Aβ given by the corresponding wall. Here, we have A = OS(−2)⊕3 and E = IZ , with the kernel
sheaf K = OS(−3)⊕2.
Lemma 22. Let E ∈ Coh(X) be torsion free of rank one and ch1(E) = 0. Then either E ∼= O or
there is a subscheme Z ⊂ X of codimension 2 such that E ∼= IZ .
Proof. See Lemma 4.7 of [9]
In preparation for the next Lemma, we recall the following facts from Lemmas 4.1 and 4.2 of
[15]. These results are in fact implied in part by Lemma 20, however are more succinctly listed
in this context. Moreover, these results help to identify the objects associated with certain Chern
characters.
Lemma 23 ([15]). Let E ∈ Db(Coh(S)) be a (Zβ,Aβ)-semistable object for all α >> 0. Then E
satisfies one of the following conditions:
1. E is a µH-semistable torsion sheaf (an element of Tβ).
2. E is a torsion-free µH-semistable sheaf with chβ1 (E) > 0.
3. H−1(E) is a torsion-free µH-semistable sheaf with chβ1 (H−1(E)) ≤ 0, H0(E) is zero-dimensional,
and all other cohomology sheaves vanish.
Remark. One remark regarding Lemma 23, as observed by Schmidt in [9] is for c = inf{chβ1 (E) >
0 : E ∈ Cohβ(S)}, if chβ1 (E) = c then E is Zβ−semistable for all α > 0 or for no α > 0. For if this
were the case, then given any subobject F , either chβ1 (F ) = c or ch
β
1 (F ) = 0. In the latter case, the
quotient E/F has chβ1 (E/F ) = c. Thus, in the former case the quotient has infinite slope and the
latter case, the subobject has infinite slope, independent of α. In particular, for β ∈ Z the twisted
first Chern character must be an integer, so if c = 1 and hence the smallest positive value possible,
such an E will be Zβ−semistable for all α > 0 or no α > 0.
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Remark. Note that if E falls into the first case of Lemma 23 with chβ1 (E) = c as defined in the
above remark, it must be a torsion sheaf that is pure; for if it were not pure, there would exist
subobject that was properly supported contradicting Zβ stability regarding E. In particular, if the
rank were zero but the degree were nonzero, any subobject supported in codimension two would
contradict Zβ−semistability.
Moreover, if E falls in the third case of Lemma 23, then ch0(E) < 0. This also provides
a little more information than Proposition 20 provides in terms of the Chern characters of the
Zβ−semistable objects E ∈ Aβ.
We now present the following lemma to limit the Chern characters that produce potential walls.
This is adapted from Lemma 5.4 in [9].
Lemma 24. Let β ∈ Z and E ∈ Aβ(S) be semistable for some α > 0.
1. If chβ(E) = (1, 1, d) then d − 2 ∈ Z≤0 and E ∼= IZ(β + 1) where IZ is the ideal sheaf of a
zero-dimensional scheme of length 2− d.
2. If chβ(E) = (0, 1, d) then E = i∗L where i : C ↪→ S is the inclusion map and L is a line
bundle supported on a quartic plane curve C on S of degree d+ 2 + 4β (or possibly torsion-free sheaf
if C is singular), henceforth denoted i∗Ld+2+4β.
Proof. First note that by Lemma 23 and the previous remarks, E is either a torsion-free sheaf, or
a pure sheaf supported in dimension 1. Moreover, observe that Chβ(E) = Ch(E ⊗O(−β)), so by
tensoring E with O(−β), we may assume that β = 0.
The Chern character Ch(E⊗O(−1)) = (1, 0, d− 2). By Lemma 22, E⊗O(−1) is the ideal sheaf
of a zero-dimensional subscheme Z ∈ X of length 2− d, with d− 2 ∈ Z≤0. Hence, E ∼= IZ(β + 1)
where IZ is the ideal sheaf of a zero-dimensional scheme of length 2− d. In particular, d ≤ 2.
For the case where chβ(E) = (0, 1, d), observe that E is supported on a quartic curve C in S.
Using GRR, and the fact that td(S) = (1, 0, 2), td(C) = (1,−2), observe that
Ch(E)td(S) = Ch(i∗L)tdS = i∗(Ch(L)td(C))
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so
(0, 1, d) = (0, 1, d)(1, 0, 2) = i∗((ch0(L), ch1(L))(1,−2))
= i∗(ch0(L), ch1(L)− 2ch0(L))
= (0, ch0(L), ch1(L)− 2ch0(L))
Thus, on C, ch0(L) = 1 and ch1(L) = d+ 2, so L is a line bundle of degree d+ 2 + 4β.
Note that the restriction of the ideal sheaf of a twisted cubic IC for C ⊂ P3 induces the wall
α2 + (β + 52)
2 = 14 . In particular, such an ideal sheaf in P
3 has the following resolution,
0→ O(−3)⊕2 → O(−2)⊕3 → IC → 0
and the object OS(−2) is a subobject in Aβ for β < −2. Moreover, the wall that corresponds to
this subobject, or OS(−2)⊕3 in the case of the restriction of the ideal sheaf of a twisted cubic is
the one given by α2 + (β + 52)
2 = 14 . Looking at the endpoint β = −2 and sending α→∞, we can
determine the walls above this wall that correspond to destabilizing objects.
Applying Lemma 21 to the sequence 0→ OS(−3)⊕2 → OS(−2)⊕3 → IC → 0, we observe that
OS(−3)⊕2 ∈ Fβ for −3 < β < −2, hence (OS(−3)⊕2[1],OS(−2)⊕3) is a destabilizing pair for all Aβ
given by the corresponding wall.
The following lemma is an adaptation to the quartic K3 surface of Lemma 5.5 in [9].
Lemma 25. If an exact sequence 0→ F → E → G→ 0 in A−2(S) defines a wall for β = −2, with
Ch(E) = (1, 0,−12), then up to interchanging F and G, Ch−2(F ) = (1, 1, d) for −1 ≤ d ≤ 2 and
Ch−2(G) = (0, 1,−4− d).
Proof. Observe that ch−2(E) = (1, 2,−4). Let ch−2(F ) = (r, cH, d). Since F,G ∈ A−2(S) it follows
that ch−21 (F ) = c ≥ 0, ch
−2






αc = +∞ and if c = 2, then similarly µ−2,α(G) = +∞. However, µ−2,α(E) = −
α2+2
4α where
α > 0, and is never equal to +∞. Hence, no such wall could occur for c = 0, 2 and thus c = 1.
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Observe that µ−2,α(F ) = d−2rα
2
4α and µ−2,α(E) = −
α2+2
4α , so setting these equal yields
α2 = d+ 22r − 1 > 0
Now, we rule out the case where r ≤ −1. If r ≤ −1, then d < −2. However, this implies that
2rd > 4; this is a contradiction since the Bogomolov inequality states that
(r(F )− 1)c1(F )2 ≤ 2r(F )c2(F )
and c1(F ) = H and c2(F ) = 2− d, so 4(r − 1) ≤ 2r(2− d) which simplifies to 2rd ≤ 4.
Similarly, we rule out the case where r ≥ 2. If r ≥ 2, then d > −2 and d+ 4 > 2. The Chern
data for G in this case is ch−2(G) = (1− r,H,−4− d), so the Bogomolov Inequality gives
((1− r)− 1)4 ≤ 2(1− r)(6 + d)
which simplifies to r ≤ d+6d+4 = 1 +
2
d+4 < 2, contradicting the fact that r ≥ 2. Thus, r = 0 or 1.
We can interchange the roles of F and G, and only consider the case for r(F ) = 1. If r = 1, then
d+ 2 > 0. By the Lemma 24, since Ch(F ) = (1, 1, d), d− 2 ∈ Z≤0, so d ∈ Z satisfies −1 ≤ d ≤ 2,
and F ∼= IZ(−1) where Z is a zero-dimensional scheme of length 2− d.
Applying Lemma 24 to these possible destabilizing Chern characters yields pairs of destabilizing
objects. For objects with twisted Chern character ch−2(F ) = (1, 1, d) for −1 ≤ d ≤ 2, it follows
that F ∼= IZ(−1) where Z is a zero-dimensional subscheme of length 2 − d. Hence, generically
these objects are of the form OS(−1), Ip(−1), Ip,q(−1), Ip,q,r(−1) where p, q, r ∈ S are points.
Alternatively, if the destabilizing object has twisted Chern character ch−2(G) = (0, 1,−4− d) for
−1 ≤ d ≤ 2, then Lemma 24 again implies that G ∼= i∗L−d−10 where L is torsion-free and has
degree −d− 10, hence a line bundle (or non-generically a rank one torsion-free sheaf) of the form
i∗L−12, i∗L−11, i∗L−10, i∗L−9 supported on C where C ⊂ S is a quartic plane curve, the intersection
of a plane V ⊂ P3 and the surface S.
Remark. The wall given by OS(−2) will in fact correspond to more sets of destabilizing objects. In
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particular, we see that the object OS(−2)⊕3 will destabilize the sheaves which are the restrictions of
ideal sheaves of twisted cubics. However, it can be shown that OS(−2)⊕k is a destabilizing subobject
for only k = 1, 2, 3, with each k corresponding to different specialized arrangements of the twelve
points associated to an ideal sheaf. These particular ideal sheaves will become destabilized at the
exact same wall, so there are in fact many specialized arrangements of points destabilized at this
particular wall.
In fact, we present an argument adapted from one given in [13] which provides bounds for such
higher rank destabilizing objects.
Remark. Let
0→ A→ E → B → 0
be a destabilizing sequence for E in some Aβ where E = H0(E) and A = H0(A) are coherent sheaves
and the ch0(A) > ch0(E) > 0. Then, we have the sequence
0→ H−1(B)→ A→ E → H0(B)→ 0.
If E is an ideal sheaf of points IZ , from the above sequence we see that the kernel K of the map from A
to IZ is precisely H−1(B) and along the wall associated to this destabilizing sequence, H−1(B)[1], A
are both objects in Aβ for all β along the wall with endpoints along the β−axis at β0 < β1. The authors
of [13] then observed that for Ch(K) = (rK , cKH, dK) and Ch(A) = (rA, cAH, dA), rA = rK + 1,
cA ≤ cK , cKrK ≤ β0 and
cA
rA
≥ β1. Combining these inequalities yields rAβ1 ≤ cA ≤ (rA − 1)β0.
One sees that if A is OS(−2)⊕n, Ch(A) = (n,−2nH, 8n) so for the wall with endpoints −3,−2
along the β−axis, −2n ≤ −3(n− 1) is only satisfied for n ≤ 3. If n = 1, then the map is actually an
injection because a non-zero kernel would be a torsion sheaf and an element of Fβ , which contradicts
it being torsion; the resulting quotient has Chern character Ch(B) = (0, 2H,−20), generically
a line bundle of degree −12 supported on a quadric hypersurface section of S. If n = 2, then
−4 = cA ≤ cK ≤ −3 gives us two possibilities to consider, when cK = −4 and when cK = −3. For
cK = −4, the Bogomolov inequality applied to the K and considerations of the length of H0(B)
yields 28 ≤ dK ≤ 32. For cK = −3, the Bogomolov inequality provides that dK ≤ 18. If n = 3, the
inequalities in the preceding remark force both ck = cA = −6, so if H0(B) is nonzero, it is supported
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on points. In the case it is zero, this is precisely the case of the restriction of the free resolution of
the ideal of the twisted cubic. One also observes that the destabilizing pair (IZ′(−1), i∗L−8) also
corresponds numerically to this wall for a length 4 zero-dimensional subscheme Z ′ ⊂ S.
In total, these make up the destabilizing pairs
(OS(−1), i∗L−12), (Ip(−1), i∗L−11), (Ip,q(−1), i∗L−10)
(Ip,q,r(−1), i∗L−9), (OS(−2), i∗L−12), (OS(−2)⊕3,OS(−3)⊕2[1]), (Ip,q,r,s(−1), i∗L−8).
Next we determine the largest wall. To do this, we make the following adaptation of Proposition
5.2 in [9].
Proposition 26. Let Ch(E) = (1, 0,−d) be the Chern character of an ideal sheaf of zero-dimensional
scheme of length d. The biggest wall for Mα,β(v) and β < 0 is given by µα,β(v) = µα,β(O(−1)).
Proof. The first step is to show no wall intersects β = −1. Suppose that for some α > 0, E is a
semistable object. Then ch−11 (E) = 1. If E is strictly semistable, there is a short exact sequence
of semistable objects 0 → F → E → G → 0 of the same slope. However, since ch−11 (F ) ≥ 0 and
ch−11 (G) ≥ 0 are integral and sum to 1, it follows that one must take the value 0. This contradicts
the assumption that these objects all have the same slope, for this implies that at least one of the
objects has slope +∞ while the other does not, similar to the computation in the proof of lemma 25.
The point given by α = 0 and β = −1 lies on the numerical wall given by µα,β(E) = µα,β(O(−1)).
Since numerical walls that are distinct do not intersect, no other numerical wall exists for β = −1,
and all other numerical walls must therefore be contained within this one.
The wall given by Lemma 26 in fact coincides with the destabilizing pair of objects given by
(OS(−1), i∗L−12).
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Figure 1.1: Walls in the stability manifold for Ch(E) = (1, 0,−12)
The corresponding walls in the βα−plane for these pairs of destabilizing objects are given by




In this section we study more closely the walls identified in the previous section. In particular,
we identify the wall crossing phenomena that occur at each of the specified walls. To do this, we
follow the steps and theory presented in [8]. We recall the definitions the authors of [8] lay out
regarding the numerical properties that determine the type of wall and associated wall-crossing
behavior.
First, a primitive Mukai vector v ∈ H∗alg(S, γZ) is fixed with v2 > 0 and a wall W.
Proposition 27 ([8]). To each such wall, let HW ⊂ H∗alg(S, γZ) be the set of classes
w ∈ HW ↔ I
Z(w)
Z(v) = 0, for all σ = (Z,P ) ∈ W
Then HW has the following properties:
• It is a primitive sublattice of rank two and of signature (1,−1) (with respect to the restriction
of the Mukai form).
• Let σ+, σ− be two sufficiently close and generic stability conditions on opposite sides of the
wall W, and consider any σ+−stable object E ∈Mσ+(v). Then any HN filtration factor Ai of
E with respect to σ− has Mukai vector v(Ai) contained in HW .
• If σ0 is a generic stability condition on the wall W, the conclusion of the previous claim also
holds for any σ0−semistable object E of class v.
• Similarly, let E be any object with v(E) ∈ HW , and assume that it is σ0−semistable for a
generic stability condition σ0 ∈ W. Then every Jordan-Hölder factor of E with respect to σ0
will have Mukai vector contained in HW .
For their results, the authors consider twisted K3 surfaces, with γ a class in the Brauer Group.
Following their remark that γ = 1 returns to the non-twisted case, we assume this in all such
calculations.
The authors of [8] present the following definitions.
Definition 28 ( [8]). Given a hyperbolic lattice H ∈ H∗(S,Z) containing v, define PH ⊂ H ⊗ R
to be the cone generated by classes that satisfy u ∈ H with u2 ≥ 0 and (u, v) > 0. We call PH the
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positive cone and a class in PH ∩H is called a positive class.
Moreover, they continue to define the effective cone associated to a wall.
Definition 29 ([8]). The effective cone associated to a wall CW ⊂ H⊗R is generated by the set of
classes u ∈ H satisfying
u2 ≥ −2 and RZ(u)Z(v) > 0
for Z associated to a stability condition in W.
The authors then classify different types of walls in the following theorem.
Theorem 30. ([8]) Let H ⊂ H∗alg(X,α,Z) be a primitive hyperbolic rank two sublattice containing
v. Let W ⊂ Stab†(X,α) be a potential wall associated to H.
The set W is a totally semistable wall if and only if there exists either an isotropic class w ∈ H with
(v,w) = 1, or an effective spherical class s ∈ CW ∩H with (s, v) < 0. In addition:
(a) The set W is a wall inducing a divisorial contraction if one of the following three conditions
hold:
(Brill-Noether): there exists a spherical class s ∈ H with (s, v) = 0, or
(Hilbert-Chow): there exists an isotropic class w ∈ H with (w, v) = 1, or
(Li-Gieseker-Uhlenbeck): there exists an isotropic class w ∈ H with (w, v) = 2.
(b) Otherwise, if v can be written as the sum v = a + b of two positive classes, or if there exists a
spherical class s ∈ H with 0 < (s, v) ≤ v22 , then W is a wall corresponding to a flopping contraction.
(c) In all other cases, W is either a fake wall (if it is a totally semistable wall), or it is not a
wall.
We will show that the walls in figure 1.1 do not satisfy the conditions of (a) in Theorem 30 but
do satisfy the conditions of (b) and hence are all flopping walls.
Proposition 31. The walls associated to figure 1.1 are all flopping walls.
Proof. Let Ch(E) = (1, 0,−12) and thus have Mukai vector v := v(E) = (1, 0,−11).
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Wall: OS(−1), i∗L−12
Since Ch(OS(−1)) = (1,−H, 2) and Ch(i∗L−12) = (0, H,−14), their Mukai vectors are given
by v(OS(−1)) = (1,−H, 3) and v(i∗L−12) = (0, H,−14). Set u := (1,−H, 3),w := (0, H,−14).
Observe that u2 = −2, (u,w) = 10, and w2 = 4. Hence, in the basis of u and w, (au + bw)2 =
−2a2 + 20ab+ 4b2. Moreover, (au + bw, v) = 8a+ 14b.
An object s = au + bw in this sublattice is spherical if it satisfies −2a2 + 20ab + 4b2 = −2.
Observe that for the wall to be Brill-Noether, such a class must also satisfy 0 = (s,v) = 8a+ 14b.
No such integer solutions exist, so this is not a Brill-Noether wall.
An object s = au + bw in this sublattice is isotropic if it satisfies −2a2 + 20ab+ 4b2 = 0. The
wall is Hilbert-Chow if it has integer solutions to this equation and to 1 = (s,v) = 8a+ 14b. The
absence of integer solutions rules out this possibility.
Since there are no integer solutions to −2a2 + 20ab + 4b2 = 0 and 2 = (s,v) = 8a + 14b, we
conclude that the wall is not Li-Gieseker-Uhlenbeck either.
To show that it is a flopping wall, if suffices to find a spherical class s ∈ H with 0 < (s, v) < v22 .
Since u is a spherical class, with (u,v) = 8 and v22 = 11, it follows that setting s = u yields the
desired class. Therefore, this wall is a flopping wall.
Wall: Ip(−1), i∗L−11
The Chern characters of these objects are Ch(Ip(−1)) = (1,−H, 1) and Ch(i∗L−11) = (0, H,−13),
so their Mukai vectors are given by u := v(Ip(−1)) = (1,−H, 2) and w := v(i∗L−11) = (0, H,−13).
It follows that u2 = 0, (u,w) = 9, and w2 = 4. Hence, (au + bw)2 = 18ab + 4b2. Finally,
(au + bw, v) = 9a+ 13b.
Spherical objects s = au + bw in this sublattice are given by integer solutions to the equation
18ab + 4b2 = −2. For this wall to be Brill-Noether, there must be a spherical object that also
satisfies 0 = 9a+ 13b. One can check that no non-trivial integer solutions exist that simultaneously
satisfy both equations, so the wall is not Brill-Noether.
Isotropic objects s = au+ bw in this sublattice satisfy 18ab+ 4b2 = 0. The wall is Hilbert-Chow
if the isotropic object also satisfies 1 = (s,v) = 9a+ 13b. No such solutions exist, so this wall is not
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Hilbert-Chow.
The wall is Li-Gieseker-Uhlenbeck provided an isotropic object satisfies 2 = (s,v) = 9a+ 13b.
Since no such solutions exist, this wall is not Li-Gieseker-Uhlenbeck.
Observe that u2 = 0 ≥ 0, w2 = 4 ≥ 0 with (u, v) = 9 > 0 and (w, v) = 13 > 0, so u and w are
both positive classes. Furthermore, v = u + w, v can be written as the sum of two positive classes.
We conclude that this is in fact a flopping wall.
Wall: Ip,q(−1), i∗L−10
The Chern characters of these objects are Ch(Ip,q(−1)) = (1,−H, 0) and Ch(i∗L−10) =
(0, H,−12), so their Mukai vectors are given by u := v(Ip,q(−1)) = (1,−H, 1) and w := v(i∗L−10) =
(0, H,−12). It follows that u2 = 2, (u,w) = 8, and w2 = 4. Hence, (au + bw)2 = 2a2 + 16ab+ 4b2.
Finally, (au + bw, v) = 10a+ 12b.
Spherical objects s = au + bw in this sublattice are given by integer solutions to the equation
2a2 + 16ab+ 4b2 = −2. For this wall to be Brill-Noether, there must be a spherical object that also
satisfies 0 = 10a+ 12b. No integer solutions exist that simultaneously satisfy both equations, so the
wall is not Brill-Noether.
Isotropic objects s = au + bw in this sublattice satisfy 2a2 + 16ab + 4b2 = 0. The wall is
Hilbert-Chow if the isotropic object also satisfies 1 = (s,v) = 10a+ 12b. No such solutions exist, so
this wall is not Hilbert-Chow.
The wall is Li-Gieseker-Uhlenbeck provided an isotropic object satisfies 2 = (s,v) = 10a+ 12b.
No such solutions exist, so this wall is not Li-Gieseker-Uhlenbeck.
Observe that u2 = 2 ≥ 0, w2 = 4 ≥ 0 with (u, v) = 10 > 0 and (w, v) = 12 > 0, so u and w are
both positive classes. Furthermore, v = u + w, v can be written as the sum of two positive classes.
We conclude that this is in fact a flopping wall.
Wall: Ip,q,r(−1), i∗L−9
The Chern characters of these objects are Ch(Ip,q,r(−1)) = (1,−H,−1) and Ch(i∗L−9) =
(0, H,−11), so their Mukai vectors are given by u := v(Ip,q,r(−1)) = (1,−H, 0) and w := v(i∗L−9) =
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(0, H,−11). It follows that u2 = 4, (u,w) = 7, and w2 = 4. Hence, (au + bw)2 = 4a2 + 14ab+ 4b2.
Finally, (au + bw, v) = 11a+ 11b.
Spherical objects s = au + bw in this sublattice are given by integer solutions to the equation
4a2 + 14ab+ 4b2 = −2. For this wall to be Brill-Noether, there must be a spherical object that also
satisfies 0 = 11a+ 11b. No integer solutions exist that simultaneously satisfy both equations, so the
wall is not Brill-Noether.
Isotropic objects s = au + bw in this sublattice satisfy 4a2 + 14ab + 4b2 = 0. The wall is
Hilbert-Chow if the isotropic object also satisfies 1 = (s,v) = 11a+ 11b. No integer solutions exist,
so this wall is not Hilbert-Chow.
The wall is Li-Gieseker-Uhlenbeck provided an isotropic object satisfies 2 = (s,v) = 11a+ 11b.
No integer solutions exist, so this wall is not Li-Gieseker-Uhlenbeck.
Observe that u2 = w2 = 4 ≥ 0, and (u, v) = (w, v) = 11 > 0, so v = u + w can be written as
the sum of two positive classes. The wall is therefore a flopping wall.
Wall: OS(−3)⊕2[1],OS(−2)⊕3
The Chern character of OS(−3) is (1,−3H, 18) and of OS(−2) is (1,−2H, 8), hence their Mukai
vectors are u := v(OS(−3)) = (1,−3H, 19) and w = v(OS(−2)) = (1,−2H, 9). It follows that
u2 = −2, (u,w) = −4, w2 = −2. Hence, (au + bw)2 = −2a2 − 8ab− 2b2. Finally, (au + bw,v) =
11(a+ b)− (19a+ 9b) = −8a+ 2b.
Spherical objects s = au + bw in this sublattice satisfy −2a2 − 8ab− 2b2 = −2. For this wall to
be Brill-Noether, there must be a spherical object that also satisfies −8a+ 2b = 0. No such integer
solutions satisfy these equations, so the wall is not Brill-Noether.
Isotropic objects s = au + bw in this sublattice satisfy −2a2 − 8ab − 2b2 = 0. The wall is
Hilbert-Chow if the isotropic object also satisfies 1 = (s,v) = −8a+ 2b. No integer solutions exist,
so this wall is not Hilbert-Chow.
The wall is Li-Gieseker-Uhlenbeck provided an isotropic object satisfies 2 = (s,v) = −8a+ 2b.
No integer solutions exist, so this wall is not Li-Gieseker-Uhlenbeck.
To show that it is a flopping wall, it suffices to find a spherical class s ∈ H with 0 < (s,v) < v22 .
Since w is a spherical class, with (w,v) = 2 and v22 = 11, it follows that setting s = w yields the
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desired class. Therefore, this wall is a flopping wall.
The walls detailed above are each associated with a pair of destabilizing objects from figure 1.1.
For each pair of destabilizing objects (F ,G) and extension E ∈ Ext1(G,F) the sequence
0→ F → E → G → 0
satisfies µβ,α(F) < µβ,α(E) < µβ,α(G) on one side of the wall and µβ,α(F) > µβ,α(E) > µβ,α(G)
on the other side. Hence, extensions E ∈ Ext1(G,F) that are semistable in one chamber are
destabilized by crossing the wall to the adjacent chamber across the wall. However, the reverse
extensions E ′ ∈ Ext1(F ,G) are destabilized crossing the wall in the reverse direction. Since
Ext1(E ,F) ∼= (Ext1(F , E))∨, on K3 surfaces by Serre Duality (more precisely, they are dual to each
other), the size of the extension group remains the same. To determine the precise nature of the
flops associated to the walls in Proposition 31, it is necessary to determine the size of these extension
groups and to identify the loci over which these extension groups are parametrized. The following
series of lemmas provides us with the necessary tools to determine the sizes of these extension
groups.
Lemma 32. Let Z be a reduced zero-dimensional subscheme of S, disjoint from a curve C ⊂ S of
degree 4d. Then, Ext1(IZ(−l), i∗L−k) ∼= C−4dl+2d
2+k for d ≥ 1, 4d(l + 1) ≤ k.
Proof. See Appendix.
Corollary 33. Let C ⊂ S be a hyperplane section and Z a reduced zero-dimensional subscheme
disjoint from C. Then, Ext1(IZ(−1), i∗L−k) ∼= Ck−2 for 8 ≤ k.
We next need to consider when a zero-dimensional subscheme Z does intersect a smooth plane
quartic. For this, we first record some facts about dimensions of Ext groups involving the ideal
sheaf of such schemes.
Lemma 34. Let Z be a zero-dimensional subscheme of length z > 0 and let l ≥ 0 satisfy 2l2 +2 ≥ z.
Then, provided Z is sufficiently general, Hi(S, IZ(l)) =

C2l2+2−z i = 0




Lemma 35. Let Z be a zero-dimensional subscheme of length n ≥ 1, and C a degree 4 plane curve
in S, with |Z ∩ C| = m < n. Then for 4l +m < k,
Exti(IZ(−l), i∗L−k) =

C4k−4l−2 i = 1
0 i = 0, 2
Proof. See Appendix.
Lemma 36. Let n be an integer. Then h0(S,O(n)) =

0 n < 0
1 n = 0
2n2 + 2 n > 0
and h1(S,O(n)) = 0. By Serre duality, h2(S,O(n)) = h0(S,O(−n)).
Proof. See Appendix.
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1.4 Birational geometry at the walls
Having now determined the extension groups of the pairs of destabilizing objects given in figure
1.1, we determine the moduli spaces and loci involved in the birational geometry linked to the wall
crossing behavior.
We look at the largest wall, given by the destabilizing pair (OS(−1), i∗L−12). By Proposition
14.2 in [4], the chamber above this wall and in the second quadrant corresponds to Gieseker
semistable sheaves. The Gieseker moduli space for objects with Mukai vector v(E) = (1, 0,−11)
is the Hilbert scheme of 12 points on the surface S, denoted by Hilb12(S) (see Example 4.5.10
in [12]). At the first wall, a semistable extension is given by OS(−1) and i∗L−12. The objects
OS(−1) are given by a hyperplane section, coming from a hyperplane H ⊂ P3, and are thus
parametrized by (P3)∨. For each such hyperplane, its intersection with S cuts out a quartic plane
curve, C ⊂ S. On this curve the set of line bundles of degree −12 is given by the Jac−12(C),
which is three-dimensional. As the hyperplane varies through (P3)∨, the fibers over each point
correspond to Jac−12(C) where C is cut out by the corresponding hyperplane. This in fact glues
together to create the six-dimensional Beauville-Mukai system, a smooth and symplectic variety
[16]. The extension groups Ext1(OS(−1), i∗L−12) ∼= C10 and Ext1(i∗L−12,OS(−1)) ∼= (C10)∨, form
a P9−bundle over each point in the Beauville-Mukai system. Hence, the base locus is a smooth
symplectic base with a P9 bundle over it, embedded into Hilb12(S). The wall crossing destabilizes
Ext1(i∗L−12,OS(−1)) but stabilizes the reverse extensions Ext1(OS(−1), i∗L−12) of sheaves with
non-trivial torsion, another P9−bundle over the same locus. Hence, this transformation is in fact
induced by a Mukai flop (see Remark 11.33 of [17] or Theorem 0.7 of [18]).
For two isomorphic extensions
0→ OS(−1)→ IZ → i∗L−12 → 0
and
0→ OS(−1)→ IZ′ → i∗L′−12 → 0,
observe that this induces an isomorphism between IZ and IZ′ , implying that Z = Z ′. Moreover,
the injection implies that H0(S, IZ(1)) = C has a unique section up to scaling. This means there is
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a plane quartic containing these points, which comes from a unique hyperplane H ⊂ P3, so in fact
C = C ′. Moreover, since Hom(OS(−1), i∗L−12) = 0, this implies that the isomorphism between ideal
sheaves induces an isomorphism between OS(−1). Furthermore, it induces an isomorphism between
both copies of i∗L−12 because Hom(i∗L−12,OS(−1)) = 0. Hence, for each choice of isomorphism
of such extensions, these uniquely correspond to choice of OS(−1), i∗L−12 and extension class in
Ext1(i∗L−12,OS(−1)). Hence, the P9−bundle over the BM(−12) system embeds in the moduli
space.
We record the next lemma to generalize the above argument.
Lemma 37. Let E,E′ be two sheaves, fitting into short exact sequences
0→ IZ(−1)→ E → i∗LC−l → 0
and
0→ IZ′(−1)→ E′ → i∗LC
′
−k → 0
where Z,Z ′ ⊂ S are zero-dimensional subschemes of positive length, C,C ′ ⊂ S are quartic plane
curves and LC , LC′ are rank one torsion-free sheaves on C,C ′ respectively, and k, l ≥ 5. If E and
E′ are isomorphic, then Z = Z ′, C = C ′, and l = k.
Proof. See Appendix.
The next wall is given by the destabilizing pair (Ip(−1), i∗L−11). Observe that p ∈ S determines
Ip(−1), so these objects are parametrized by S. Similar to the previous wall, the quartic plane
curve C is given by a plane H ∈ (P3)∨ and for each such choice, a selection of line bundle i∗L−11
corresponding to a point in Jac−11(C). We require that p does not lie on the hyperplane section
cut out by the map from 0 → Ip(−1) → E, so from the space parametrizing pairs of points
and torsion-free sheaves S × BM(−11) we remove the incidence variety of {(p, C)| p ∈ C}. The
resulting space is smooth, symplectic, and 8 dimensional. By Lemma 37, the pair Ip(−1), i∗L−11
is unique for such a destabilized object E. The extension groups Ext1(Ip(−1), i∗L−11) ∼= C9 and
Ext1(i∗L−11, Ip(−1)) ∼= (C9)∨ form a P8−bundle over this loci and hence the P8−bundle over the
S× BM(−11) system embeds in the moduli space. Crossing the wall corresponds to a Mukai flop
exchanging one P8−bundle for the other. The ideal sheaves given by Ext1(i∗L−11, Ip(−1)) = C9 are
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destablized and replaced by stable sheaves with non-trivial torsion given by Ext1(Ip(−1), i∗L−11).
The next wall is given by the destablizing pair (Ip,q(−1), i∗L−10). Arguments similar to those
used for the previous destabilizing pairs show that these objects are parametrized by Hilb2(S)
and the Beauville-Mukai system for degree −10 line bundles, BM(−10). Again, we take an
open complement of the incidence variety of parametrizing pairs of subschemes and hyperplane
sections that have non-trivial intersection. Furthermore, over this locus is the P7−bundle given
by Ext1(Ip,q(−1), i∗L−10) ∼= C8 and Ext1(i∗L−10, Ip,q(−1)) ∼= (C8)∨. Again, by Lemma 37 this is
indeed an embedding into the moduli space. The wall crossing from above to below the wall induces
a Mukai flop from the P7−bundle associated to Ext1(i∗L−10, Ip,q(−1)) to the dual P7−bundle
associated to Ext1(Ip,q(−1), i∗L−10).
The next wall is given by the destablizing pair (Ip,q,r(−1), i∗L−9). Arguments similar to those
used for the previous destabilizing pairs show that these objects are parametrized by Hilb3(S)
and the Beauville-Mukai system for degree −9 line bundles, BM(−9), and we take the open
complement of the associated incidence variety. Furthermore, over this locus is the P6−bundle given
by Ext1(Ip,q,r(−1), i∗L−9) ∼= C7 and Ext1(i∗L−9, Ip,q,r(−1)) ∼= (C7)∨. Again, Lemma 37 shows
that this is indeed an embedding into the moduli space. The wall crossing from above to below
the wall induces a Mukai flop from the P6−bundle associated to Ext1(i∗L−9, Ip,q(−1)) to the dual
P6−bundle associated to Ext1(Ip,q,r(−1), i∗L−9).
The wall given by the destabilizing pair (OS(−2)⊕3,OS(−3)⊕2[1]) destabilizes the restrictions
of the ideal sheaves of twisted cubics. However, it will also destabilize those objects E that admit a
section of H0(S,E(2)), so generically all ideal sheaves of 12 points for which the 12 points lie on
a quadric section of the K3 surface. The loci for which these occur may be split into connected
destabilized loci determined by the dimension of H0(S,E(2)); sheaves for which h0(S,E(2)) > 0
will be a destabilizing loci, sheaves for which h0(S,E(2)) > 1 will be a sublocus, and continuing
further there will be a descending chain of subloci determined by the dimension of this cohomology
group. In particular, those for which the dimension equals 3 will include all the restrictions of
ideal sheaves twisted cubics. Observe that for objects that admit a single quadric section, the
generic quotient will have Chern character equal to Ch(Q) = (0, 2H,−20) a line bundle of degree
−12 on a quadric hypersurface. For these generic quotients, Exti(OS(−2), Q) = 0 for i = 0, 2
and Ext1(OS(−2), Q) = C4. Hence, these form a P3−bundle for each pair of quadric hypersurface
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sections. Moreover, there is a P9−family of such sections and since the quadric hypersurface section
is a genus 9 curve, there is a Beauville-Mukai system of dimension 18 parametrizing such objects.
Since this is a flopping wall, we see a Mukai flop of the embedding of this P3−bundle over the
BM(−12) system, replacing the bundle with its dual (P3)∨−bundle.
Similarly, the twisted ideal sheaf of a length four scheme IZ′(−1) is parametrized by Hilb4(S)
and the resulting i∗L−8 by the Beauville-Mukai integrable system BM(−8), and we take the open
complement of the associated incidence variety. The only nonzero Ext group between these is
Ext1(IZ′(−1), i∗L−8) = C6 which results in a P5−bundle over the 14 dimensional base. This embeds
into Hilb12(S) and is 19−dimensional. There is a Mukai flop of the bundle with its dual bundle.
The rank 2 and 3 subobjects OS(−2)⊕2 and OS(−2)⊕3 will also result in different destabilizing
quotients, but these are numerous and harder to describe in as precise details as the prior pairs
of destabilizing objects. The presence of these different strata and the flopping nature of the wall
imply that the birational transformation is likely a stratified flop, with several loci undergoing flops
simultaneously. In the following section, we note that the locus parametrizing objects which are the
restrictions of the ideal sheaf of a twisted cubic is in fact a Lagrangian subvariety.
We summarize the preceding results in the following Theorem.
Theorem 38. There is a path γ : [0, 1] → R × R>0 ⊂ Stab(K3) that crosses the following walls
for v = (1, 0,−12) in the following order. The walls are defined by the two given objects having the
same slope, and all strictly semistable objects at each of the walls are extensions of those two objects.
Let Zk ⊂ S be a zero-dimensional length k ≥ 1 subscheme of the K3 surface S, and i∗L(n) be a






The chambers separated by those walls lead to the following moduli spaces.
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• The first moduli space is the Hilbert scheme of 12 points on the K3 surface, a smooth, irreducible,
symplectic variety of dimension 24 parametrizing ideal sheaves of length 12, zero dimensional
subschemes of S.
• The second moduli space is a smooth, irreducible symplectic variety of dimension 24. This
results from a Mukai flop of an embedding of a P9−bundle over BM(−12).
• The third moduli space is a smooth, irreducible symplectic variety of dimension 24. This
results from a Mukai flop of an open subset of an embedding of a P8−bundle over the product
S ×BM(−11).
• The fourth moduli space is a smooth, irreducible symplectic variety of dimension 24. This
results from a Mukai flop of an open subset of an embedding of a P7−bundle over the product
Hilb2(S)×BM(−10).
• The fifth moduli space is a smooth, irreducible symplectic variety of dimension 24. This
results from a Mukai flop of an open subset of an embedding of a P6−bundle over the product
Hilb3(S)×BM(−9).
• The sixth moduli space is a smooth, irreducible symplectic variety of dimension 24. The
birational transformations from crossing this wall include a Mukai flop of an open subset of
an embedding of a P5−bundle over the product of Hilb4(S)×BM(−8) and a Mukai flop of an
an open subset of an embedding of a P3−bundle over a Beauville-Mukai system of degree −12
torsion-free sheaves supported a quadric hypersurface section of S. The Lagrangian subvariety
of Hilb12(S) parametrizing the restriction of ideal sheaves of twisted cubics is also destabilized.
The remaining points of the moduli space do not parametrize objects which are the restrictions
of objects given by Theorem 39.
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1.5 Relating the Bridgeland moduli space on P3 of objects with Chern character
(1, 0,−3, 5)
In this section, we recall the work that Schmidt produced in [9] regarding the Bridgeland moduli
spaces of stable sheaves with Chern character Ch(E) = (1, 0,−3, 5) on P3. Then we relate the
birational geometry and wall crossing behavior observed between those moduli spaces and the ones
detailed in the previous section.
Theorem 39. ([9]) There is a path γ : [0, 1] → R>0 × R ⊂ Stab(P3) that crosses the following
walls for v = (1, 0,−3, 5) in the following order. The walls are defined by the two given objects
having the same slope. Moreover, all strictly semistable objects at each of the walls are extensions
of those two objects. Let V be a plane in P3, P ∈ P3 and Q ∈ V .
• O(−2)⊕3, O(−3)[1]⊕2
• IP (−1), OV (−3)
• O(−1), IQ/V (−3)
The chambers separated by those walls lead to the following moduli spaces.
• The empty space M0 = ∅.
• A smooth, projective and irreducible varietyM1 of dimension 12 parametrizing stable extensions
Ext1(OP3(−3)⊕2[1],OP3(−2)⊕3).
• A space with two components M2 ∪M ′2. The space M2 is a blow up of M1 in the incidence
variety parametrizing a point in a plane in P3. The second component M ′2 is a P9−bundle over
the smooth variety P3 × (P3)∨ parametrizing pairs (IP (−1),OV (−3)). The two components
intersect transversally in the exceptional locus of the blow up.
• The Hilbert scheme of curves C with Ch(IC) = (1, 0,−3, 5). It is given as M2 ∪M ′3 where M ′3
is a blow up of M ′2 in the smooth locus parametrizing objects IQ/V (−3).
We supply the following lemma which assists in determining the derived restrictions to S of the
destabilizing objects on P3 given by Theorem 39.
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Lemma 40. Let IZ(−1) be the ideal sheaf of a finite length, zero-dimension subscheme Z ⊂ P3 and
IZ′/V (−k) be the ideal sheaf of a zero-dimension subscheme Z ′ on the plane V . Then the restriction






OS(−1) Z ∩ S = ∅








′ ∩ S = ∅
E ∈ Ext1(i∗L−4k−|Z′∩S|,OZ∩S) Z ′ ∩ S 6= ∅




0 Z ∩ S = ∅
OZ∩S Z ∩ S 6= ∅
.
Tensoring
0→ IZ(−1)→ OP3(−1)→ OZ → 0
by OS yields
0→ Tor1(OS ,OZ)→ IZ(−1)⊗OS = IZ(−1)
∣∣
S
→ OS(−1)→ OZ ⊗OS → 0
The first and last terms are both zero if Z ∩S = ∅ and are equal to OZ∩S if Z ∩S 6= ∅. In the latter
case, the last terms are isomorphic to IZ∩S(−1), yielding








We make some initial observations on these walls. First observe that OP3(−1) restricts to OS(−1)
and that chS(IQ/V (−3)|S) = (0, 1,−14). The plane V will restrict to a quartic plane curve C on S,
and generically the point Q ∈ V will not lie on the intersection of V ∩ S. Hence, for Q /∈ V ∩ S,
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the restriction of IQ/V (−3) to S will in fact be i∗L−12 by Lemma 40. When Q ∈ V ∩ S, then this
restricts to an extension class E given by E ∈ Ext1(i∗L−13,OQ) by Lemma 40. Observe that in
this case, the restricted ideal sheaf fits into a short exact sequence of the form
0→ OQ → IQ/V (−3)|S → i∗L−13 → 0
and the slope of the skyscraper sheaf is +∞ while the slope of the restricted ideal sheaf is always
finite. Hence, in no heart Aβ is this a Bridgeland stable object; any extension constructed with this
object is therefore not Bridgeland stable.
Also, observe that for P /∈ S, the restriction of IP/P3(−1) is OS(−1) and when P ∈ S, this will
in fact restrict to an extension F given by Ext1(IP (−1),OP ), by Lemma 40. Similarly, OV (−3) will
restrict down to i∗L−12 independent of whether P ∈ S or not. Observe that for an extension on P3
of the form
0→ IP (−1)→ E → OV (−3)→ 0
since we have both
0→ OP → F
and
0→ F → E|S
it follows that there is an injection
0→ OP → E|S .
However, since the Bridgeland slope of OP is +∞ while the slope of E|S is finite in the second for
β < 0 and α > 0, this restriction of E to S is not Bridgeland stable.
Finally, observe that OP3(d) and OP3(d)[1] restrict to OS(d) and OS(d)[1] respectively.
We examine the objects parametrized by points T ∈M2 ∪M ′3 in the Hilbert scheme of curves C
with Ch(IC) = (1, 0,−3, 5). First, let T ∈M ′3. This means that the corresponding object ET is the
ideal sheaf of a plane cubic with a potentially though not necessarily embedded point. If T ∈M ′3 is
in the exceptional locus of the blowup of M ′2, then ET is destabilized after the first wall-crossing
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described in Theorem 39. This means ET fits into a short exact sequence of the form
0→ OP3(−1)→ ET → IQ/V (−3)→ 0
the restriction of which to S generically is of the form
0→ OS(−1)→ ET |S → i∗L−12 → 0
when Q /∈ S. In particular, the restriction of the ideal sheaf IQ/V (−3) determines a fixed line bundle
only depending on V in the generic case. Hence, i∗L−12 is entirely determined by V , so within the
Beauville-Mukai system BM(−12), there is a single point in the fiber over each V .
When ET ∈M ′3, the restriction generically occurs in the same manner as in the case where ET
is in the exceptional locus; the point Q /∈ S and V determines a fixed line bundle i∗LV−12. Hence, in
the (P, V ) pairs determined by the base P3 × (P3)∨, for each fixed V , the entire P9−bundle over the
fiber P3 × {V } collapses to a P9 over the single point in the moduli space of the K3 surface. The
corresponding locus can be found in the P9−bundle over BM(−12) by restricting to the locus cut
out by the fixed line bundles i∗LV−12 ∈ BM(−12). In fact, this choice of line bundle (or torsion-free
sheaf in the case of singular curve C = S ∩ V ) induces a section in BM(−12). Thus, the restricted
locus is in fact a P9−bundle over this section, which is 12−dimensional. As rationally connected
varieties admit no p−forms for p > 0 [19], it follows that the pullback of the holomorphic 2−form of
the underlying Beauville-Mukai integrable system vanishes on this locus. Since this 2−form is in
fact the restriction of the holomorphic 2−form from Hilb12(S), it follows that this locus is in fact a
Lagrangian subvariety of Hilb12(S).
We now examine objects in M2 ∪M ′2. For objects T ∈M ′2, the corresponding extensions take
the form
0→ IP/P3(−1)→ ET → OV (−3)→ 0.
The generic restriction of these extensions to S when P /∈ S take the form
0→ OS(−1)→ ET |S → i∗L−12 → 0.
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When P ∈ S, the discussion following Lemma 40 implies that the restriction ET |S is not in fact
Bridgeland stable. Moreover, since the choice of V uniquely determines the line bundle i∗L−12,
we see that for P /∈ S and fixed V , all the corresponding ET in the P9−bundle over the locus
{(P, V ) P /∈ S} ⊂ P3 × (P3)∨ restrict to extensions in Ext1(i∗L−12,OS(−1)) for L supported on
C = S ∩ V . As noted in the case of objects in M ′3 not in the exceptional locus, these in fact restrict
to a Lagrangian subvariety in Hilb12(S).
The objects T ∈ M2 in the exceptional locus of the blowup over M1 correspond to pairs of
destabilizing objects (P, V ) where P ∈ V . Again, these restrict to Bridgeland stable extensions
of Ext1(i∗L−12,OS(−1)) for C = S ∩ V when P /∈ S and otherwise do not restrict when P ∈ S.
The objects ET for T ∈M2 that are not in the exceptional locus of the blowup of M1 are given by
extensions of the form Ext1(O(−3)⊕[1],O(−2)⊕3) and will be discussed later.
Since all objects ET for T ∈ M2 ∪M ′2 that are either in the second component or the ex-
ceptional locus of the blowup of M1 in M2 restrict to Bridgeland Stable extensions of the form
Ext1(i∗L−12,OS(−1)) or to unstable extensions, this implies that all restrictions that are stable
correspond to objects in K3 moduli space given by the Hilbert scheme of 12 points. These are all
destabilized after crossing the wall given by the destabilizing pair (OS(−1), i∗L−12). In fact, by the
previous discussion about objects in M2 ∪M ′3, the objects ET for T ∈M ′3 are also destabilized at
this wall. Hence, all ET in the moduli spaces M2 ∪M ′2 and M2 ∪M ′3 that are not in M1 in Theorem
39 restrict either to Bridgeland unstable sheaves or to extensions that are destabilized at the wall
corresponding to (OS(−1), i∗L−12). Since the stable objects are given by extensions of the form
0→ OS(−1)→ ET |S → i∗L−12 → 0,
one may tensor this sequence by OS(1) and observe that C ∼= H0(S,O) ∼= H0(S,ET |S(1)). Since the
restriction ET |S corresponds to an ideal sheaf of 12 points, this implies that the 12 points are in
fact planar; the points lie on C = S ∩ V .
Finally, the objects ET corresponding to T ∈ M1 are the remaining objects that have not
previously been destabilized by prior wall crossings described in Theorem 39. Since M2 contains as
an open set the ideal sheaves of twisted cubics, there is an open set in M1 consisting of those twisted
cubics not expressed as one of the other destabilized extensions. After crossing the wall separating
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M1 and M0, all such ideal sheaves of twisted cubics becoming destabilized. The restriction of the
ideal sheaf of a twisted cubic to S will generically be the ideal sheaf of twelve points, all of which lie on
the twisted cubic. Hence, at the wall given by the pair of destabilizing objects OS(−2)⊕3,OS(−3)⊕2,
all such restrictions of ideal sheaves of twisted cubics are destabilized. Moreover, since for T ∈M1,
the ideal sheaves of twisted cubics lie in an open set, if T ′ does not correspond to such an ideal
sheaf, there is a sequence of T ∈M1 that limit towards T ′. This creates a flat limit of ideal sheaves
of twisted cubics ET limiting towards ET ′ . Hence, the restriction of ET ′ to S is a limit of the
restrictions ET to S. Therefore, these are also destabilized by the wall in the K3 setting given by
the pair of destabilizing objects OS(−2)⊕3,OS(−3)⊕2. Also, since the map between OS(−3)⊕2 and
OS(−2)⊕3 is given by a 3× 2 matrix with entries in H0(S,O(1)) which can be uniquely lifted to
entries in H0(P3,O(1)), all such cokernels are in fact the restrictions of the ideal sheaf of a twisted
cubic from P3 to S. Thus, all the objects given by Schmidt in Theorem 39, have restrictions to S
the are destabilized at or before this wall in the K3 setting.
Proposition 43 below shows that the restriction map from M1 to Hilb12(S) in fact maps M1 into
a Lagrangian submanifold and is a local isomorphism.
Here we recall a theorem which is the result of Tyurin [20], in which X is a Fano threefold and
S a smooth K3 surface embedded in X as an anticanonical divisor. One may also see this in [21].
Theorem 41 (Tyurin). LetMX be a component of the moduli space of simple vector bundles on
X and assume that H2(X,End(E)) = 0 for every E inMX . ThenMX is smooth and for each E
inMX the vector bundle E|S is simple.
Moreover, letMS be the component of the moduli space of simple vector bundles on S containing
the vector bundles E|S. Mukai [18] proved thatMS is smooth and it admits a symplectic structure.
Then the restriction map res :MX →MS induces a local isomorphism ofMX into a Lagrangian
subvariety ofMS.
This can be extended to ideal sheaves of curves in P3 with free resolutions of the following form
0→ O(−a)⊕m → O(−b)⊕m+1 → IC → 0
subject to certain constraints. We first require that a > b > 0, that (m + 1)b = ma, and that
m(a− b) < 4. In particular when a = 2b for 1 ≤ b ≤ 3 and m = 1 or for m = 2, a = 3, b = 2, the
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result holds.
Lemma 42. We have Ext2(IC , IC) = 0 on P3.
Proof. Applying Hom(IC ,−) to the resolution above gives a long exact sequence
· · · → Ext2(IC ,O⊕m+1(−b))→ Ext2(IC , IC)→ Ext3(IC ,O⊕m(−a))→ · · ·
Ext2(IC ,O⊕m+1(−b)) is dual to Ext1(O⊕m+1(−b), IC(−4)) = Ext1(O⊕m+1(−b+ 4), IC), which fits
into the exact sequence
Ext1(O⊕m+1(−b+4),O⊕m+1(−b))→ Ext1(O⊕m+1(−b+4), IC)→ Ext2(O⊕m+1(−b+4),O⊕m(−a))
where the first and third terms are zero, and therefore the middle term vanishes. Ext3(IC ,O⊕m(−a))
is dual to Hom(O⊕m(−a), IC(−4)) = Hom(O⊕m(−a+ 4), IC), which fits into the exact sequence
Hom(O⊕m(−a+ 4),O⊕m+1(−b))→ Hom(O⊕m(−a+ 4), IC)→ Ext1(O⊕m(−a+ 4),O⊕m(−a))
where again the first and third terms are zero, and therefore the middle term vanishes too. From
the vanishing of these terms, it follows that Ext2(IC , IC) = 0.
Remark. In fact, 0 = Hom(IC , IC(−4)) ∼= Ext3(IC , IC) since Hom(IC , IC) is generated by the
identity morphism.
Proposition 43. LetMX be the (quasi-projective) moduli space parametrizing ideal sheaves of the
form from Lemma 42 on P3. The restriction of IC ∈MX to S is simple.
LetMS be the component of the moduli space of simple sheaves on S containing the sheaves IC |S.
Then the restriction map res :MX →MS induces a local isomorphism ofMX into a Lagrangian
subvariety.
Proof. First, observe that the restriction of the ideal sheaf of a curve C has the following resolution
0→ Tor1(OS , IC)→ OS(−a)⊕m → OS(−b)⊕m+1 → IC |S → 0
The map given by O(−a)⊕m → O(−b)⊕m+1 is a (m+ 1)×m matrix of degree a− b forms on P3.
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The m ×m−minors are degree m(a − b) polynomial on P3, and since the map is injective some
m×m−minor must be non-zero. Since no m(a− b) polynomial vanishes on the quartic K3 surface
S, the m×m−minor remains non-zero on S. Hence, the map OS(−a)⊕m → OS(−b)⊕m+1 remains
injective and thus Tor1(OS , IC) = 0.
Now, tensoring the sequence
0→ OP3(−4)→ OP3 → OS → 0
with IC yields
0→ IC(−4)→ IC → IC |S → 0
given the above calculation on Tor1(OS , IC). Applying Hom(IC ,−) gives a long exact sequence
0→ Hom(IC , IC(−4))→ Hom(IC , IC)→ Hom(IC , IC |S)→
→ Ext1(IC , IC(−4))→ Ext1(IC , IC)→ Ext1(IC , IC |S)→
→ Ext2(IC , IC(−4))→ Ext2(IC , IC)→ Ext2(IC , IC |S)→ · · ·
Earlier, we showed that Ext2(IC , IC) = 0 and Ext1(IC , IC(−4)) ∼= (Ext2(IC , IC))∨ = 0 and
Hom(IC , IC(−4)) ∼= Ext3(IC , IC) = 0. Thus,
HomS(IC |S , IC |S) ∼= Hom(IC , IC |S) ∼= Hom(IC , IC) ∼= C
proving that IC |S is a simple sheaf on S. Moreover, Ext1S(IC |S , IC |S) ∼= Ext1(IC , IC |S) fits into
the short exact sequence
0→ Ext1(IC , IC)→ Ext1S(IC |S , IC |S)→ Ext2(IC , IC(−4)) ∼= (Ext1(IC , IC))∨ → 0
The proof that Ext1(IC , IC) is isotropic in Ext1S(IC |S , IC |S) now proceeds in the same way as for
Tyurin’s proof in the locally free case.
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CHAPTER 2
Moduli spaces for Chern character (1, 0,−16)
In this chapter, we produce an analogous analysis of objects E with Chern character Ch(E) =
(1, 0,−16), generically the Chern character of the ideal sheaf of 16 points on S. Then, we compare
the moduli spaces and their birational geometries in the case of the K3 surface to those outlined in
[10], regarding objects E in P3 with Chern character Ch(E) = (1, 0,−4, 8).
We first start by identifying the possible destabilizing objects F, G to E by determining the
possible Chern characters of these subobjects. To do this, first note that the ideal sheaf of a degree
four curve C given by the following short exact sequence in P3
0→ OP3(−4)→ OP3(−2)⊕2 → IC → 0
restricts to
0→ OS(−4)→ OS(−2)⊕2 → IZ → 0
on S, where Z = C ∩S is a zero-dimensional subscheme of length 16. The associated wall has center
(−3, 0) and radius 1, hence right endpoint at β = −2. Applying Lemma 21 to this sequence, we see
that OS(−2)⊕2 ∈ Tβ and OS(−4) ∈ Fβ for all β on the wall aside from the intersection points of
the wall with the β−axis. Hence, (OS(−4)[1],OS(−2)⊕2) is a destabilizing pair in Aβ for all such β
in the range given by the corresponding wall.
Remark. One may note that twisting
0→ IZ → OS → OZ → 0
by OS(3) and taking the associated long exact sequence would yield a section of OS(3) that also
vanishes on Z. The corresponding wall given by the subobject OS(−3) is contained within the one
produced by the resolution given above for the restriction of the ideal sheaf of a degree four curve to
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S. However, the quotient Q of
0→ OS(−3)→ IZ → Q→ 0
will be properly supported on a curve in S and have Chern character Ch(Q) = (0, 3,−30) and the
classification of those objects is more complicated. Thus, we will stick to analyzing the wall crossings
associated with the previously mentioned wall and those which contain it.
Lemma 44. If an exact sequence 0→ F → E → G→ 0 in A−2(S) defines a wall for β = −2, with
Ch(E) = (1, 0,−16), then up to interchanging F and G, Ch−2(F ) = (1, 1, d) for −3 ≤ d ≤ 2 and
Ch−2(G) = (0, 1,−8− d).
Proof. Observe that Ch−2(E) = (1, 2,−8). Let Ch−2(F ) = (r, cH, d). Since F ∈ A−2(S), 0 ≤ c ≤ 2.
Observe that if c = 0 then µ−2,t(F ) = +∞ and if c = 2, then µ−2,t(G) = +∞. However,
µ−2,t(E) = − t
2+2
4t where t > 0, so is never equal to +∞. Hence, no such wall could occur and thus
c = 1.
Observe that µ−2,t(F ) = d−2rt
2
4t and µ−2,t(E) = −
t2+4
4t , so setting these equal yields
t2 = d+ 42r − 1 > 0
Now, we rule out the case where r ≤ −1: If r ≤ −1, then d < −4. However, this implies that
2rd > 8; this is a contradiction since the Bogomolov inequality states that
(r(F )− 1)c1(F )2 ≤ 2r(F )c2(F )
and c1(F ) = H and c2(F ) = 2− d, so 4(r − 1) ≤ 2r(2− d) which simplifies to 2rd ≤ 4.
Similarly, we rule out the case where r ≥ 2: If r ≥ 2, then d > 4 and d+ 8 > 12. The Chern
data for G in this case is Ch−2(G) = (1− r,H,−4− d), so the Bogomolov Inequality gives
((1− r)− 1)4 ≤ 2(1− r)(10 + d)
which simplifies to r ≤ d+10d+8 = 1 +
2
d+8 < 2, contradicting the fact that r ≥ 2. Thus, r = 0 or 1.
We can interchange the roles of F and G, and only consider the case for r(F ) = 1. If r = 1, then
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d+ 4 > 0. By Lemma 24, since Ch(F ) = (1, 1, d), d− 2 ∈ Z≤0, so d ∈ Z satisfies −3 ≤ d ≤ 2, and
F ∼= IZ(−1) where Z is a zero-dimensional scheme of length 2− d.
Apply Lemma 22 to these possible destabilizing Chern characters yields pairs of destabilizing
objects. For objects with twisted Chern character Ch−2(F ) = (1, 1, d) for −3 ≤ d ≤ 2, it follows
that F ∼= IZ(−1) where Z is a zero-dimensional subscheme of length 2− d. Hence, these objects
are generically of the form OS(−1), Ip(−1), Ip,q(−1), Ip,q,r(−1), Ip,q,r,s(−1), Ip,q,r,s,t(−1) where
p, q, r, s, t ∈ S are points. Alternatively, if the destabilizing object has twisted Chern character
Ch−2(G) = (0, 1,−8−d) for −3 ≤ d ≤ 2, then Lemma 24 again implies that G ∼= i∗L−d−14, hence of
the form i∗L−16, i∗L−15, i∗L−14, i∗L−13, i∗L−12, i∗L−11 where C ⊂ S is a quartic plane curve, the
intersection of a plane V ⊂ P3 and the surface S, and L is a rank one torsion-free sheaf supported
on C, generically a line bundle.
We use the remarks following Lemma 25 to determine a bound on n for which A = OS(−2)⊕n is a
subobject of the ideal sheaf of 16 points. We see that for endpoints−4 and−2, that−2(n) ≤ −4(n−1)
which gives n ≤ 2. If n = 1, there is no kernel and the destabilizing quotient is given by
Ch(B) = (0, 2H,−24) which generically is a line bundle of degree −16 supported on a quadric
hypersurface section on S. In the n = 2 case, by a similar analysis to the one carried out in the
previous chapter, −4 = cA ≤ cK ≤ −4, so cK = −4 and it follows that dK ≤ 32. However, the
quotient given by H0(B) has Chern character Ch(H0(B)) = (0, 0, dK − 32), so dK − 32 ≥ 0. Hence,
we have dK = 32 and this is precisely the restriction of the free resolution of the ideal sheaf of the
elliptic degree 4 curve. Similar to the previous chapter, we also observe the twisted line bundle of a
length 6 subscheme IZ′(−1) and i∗L−10 are a destabilizing pair corresponding to this wall.
In total, these make up the destabilizing pairs
(OS(−1), i∗L−16), (Ip(−1), i∗L−15), (Ip,q(−1), i∗L−14)
(Ip,q,r(−1), i∗L−13), (Ip,q,r,s(−1), i∗L−12), (Ip,q,r,s,t(−1), i∗L−11)
(OS(−2), i∗L−12), (OS(−2)⊕2,OS(−4)[1]), (Ip,q,r,s,t,u(−1), i∗L−10).
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α2 + (β + 174 )
2 = 16116 Ip(−1), i∗L−15
α2 + (β + 4)2 = 8 Ip,q(−1), i∗L−14
α2 + (β + 154 )
2 = 9716 Ip,q,r(−1), i∗L−13
α2 + (β + 72)
2 = 174 Ip,q,r,s(−1), i∗L−12
α2 + (β + 134 )
2 = 4116 Ip,q,r,s.t(−1), i∗L−11
α2 + (β + 3)2 = 1 OS(−2)⊕2,OS(−4)[1]










Figure 2.1: Walls in the stability manifold for Ch(E) = (1, 0,−16)
The corresponding walls in the βα−plane for these pairs of destabilizing objects are given by




We now classify the walls associated to the pairs of destabilizing objects in figure 2.1.
Proposition 45. The walls associated to figure 2.1 are all flopping walls.
Proof. Let Ch(E) = (1, 0,−16) and thus have Mukai vector v := v(E) = (1, 0,−15).
Wall: OS(−1), i∗L−16
Since Ch(OS(−1)) = (1,−H, 2) and Ch(i∗L−16) = (0, H,−18), their Mukai vectors are given
by v(OS(−1)) = (1,−H, 3) and v(i∗L−16) = (0, H,−18). Set u = (1,−H, 3), w = (0, H,−18).
Observe that u2 = −2, (u,w) = 14, and w2 = 4. Hence, (au+ bw)2 = −2a2 + 28ab+ 4b2. Moreover,
(au + bw,v) = 12a+ 18b.
An object s = au + bw in this sublattice is spherical if it satisfies −2a2 + 28ab + 4b2 = −2.
Observe that for the wall to be Brill-Noether, such a class must also satisfy 0 = (s,v) = 12a+ 18b.
No such integer solutions exist, so this is not a Brill-Noether wall.
An object s = au + bw in this sublattice is isotropic if it satisfies −2a2 + 28ab+ 4b2 = 0. The
wall is Hilbert-Chow if it has integer solutions to this equation and to 1 = (s,v) = 12a+ 18b. No
such integer solutions exist, so this is not a Hilbert-Chow wall.
Since there are no integer solutions to −2a2 + 28ab+ 4b2 = 0 and 2 = (s,v) = 12a+ 18b, we
conclude that the wall is not Li-Gieseker-Uhlenbeck either.
To show it is a flopping wall, it suffices to find a spherical class s ∈ H with 0 < (s,v) ≤ v22 .
Since u is a spherical class, with (u,v) = 12 and v22 = 15, it follows that setting s = u yields the
desired class. Therefore, the wall is a flopping wall.
Wall: Ip(−1), i∗L−15
The Chern characters of these objects are Ch(Ip(−1)) = (1,−H, 1) and Ch(i∗L−15) = (0, H,−17),
so their Mukai vectors are given by u := v(Ip(−1)) = (1,−H, 2) and w := v(i∗L−15) = (0, H,−17).
It follows that u2 = 0, (u,w) = 13, and w2 = 4. Hence, (au + bw)2 = 26ab + 4b2. Finally,
(au + bw, v) = 13a+ 17b.
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An object s = au + bw in this sublattice is spherical if it satisfies 26ab + 4b2 = −2. Observe
that for the wall to be Brill-Noether, such a class must also satisfy 0 = (s,v) = 13a+ 17b. No such
integer solutions exist, so this is not a Brill-Noether wall.
An object s = au + bw in this sublattice is isotropic if it satisfies 26ab+ 4b2 = 0. The wall is
Hilbert-Chow if it has integer solutions to this equation and to 1 = (s,v) = 13a + 17b. No such
integer solutions exist, so this is not a Hilbert-Chow wall.
Since there are not integer solutions to 26ab+ 4b2 = 0 and 2 = (s,v) = 13a+ 17b, we conclude
that the wall is not Li-Gieseker-Uhlenbeck either.
Observe that u2 = 0 ≥ 0 w2 = 4 ≥ 0 with (u, v) = 13 > 0 and (w, v) = 17 > 0, so u and w are
both positive classes. Furthermore, v = u + w, v can be written as the sum of two positive classes.
We conclude that this is in fact a flopping wall.
Wall: Ip,q(−1), i∗L−14
The Chern characters of these objects are Ch(Ip,q(−1)) = (1,−H, 0) and Ch(i∗L−14) =
(0, H,−16), so their Mukai vectors are given by u := v(Ip,q(−1)) = (1,−H, 1) and w := v(i∗L−14) =
(0, H,−16). It follows that u2 = 2, (u,w) = 12, and w2 = 4. Hence, (au + bw)2 = 2a2 + 24ab+ 4b2.
Finally, (au + bw, v) = 14a+ 16b.
An object s = au+ bw in this sublattice is spherical if it satisfies 2a2 + 24ab+ 4b2 = −2. Observe
that for the wall to be Brill-Noether, such a class must also satisfy 0 = (s,v) = 14a+ 16b. No such
integer solutions exist, so this is not a Brill-Noether wall.
An object s = au+ bw in this sublattice is isotropic if it satisfies 2a2 + 24ab+ 4b2 = 0. The wall
is Hilbert-Chow if it has integer solutions to this equation and to 1 = (s,v) = 14a+ 16b. No such
integer solutions exist, so this is not a Hilbert-Chow wall.
Since there are not integer solutions to 2a2 + 24ab + 4b2 = 0 and 2 = (s,v) = 14a + 16b, we
conclude that the wall is not Li-Gieseker-Uhlenbeck either.
Observe that u2 = 2 ≥ 0, w2 = 4 ≥ 0 with (u, v) = 14 > 0 and (w, v) = 16 > 0, so u and w are
both positive classes. Furthermore, v = u + w, v can be written as the sum of two positive classes.
We conclude that this is in fact a flopping wall.
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Wall: Ip,q,r(−1), i∗L−13
The Chern characters of these objects are Ch(Ip,q,r(−1)) = (1,−H,−1) and Ch(i∗L−13) =
(0, H,−15), so their Mukai vectors are given by u := v(Ip,q,r(−1)) = (1,−H, 0) andw := v(i∗L−13) =
(0, H,−15). It follows that u2 = 4, (u,w) = 11, and w2 = 4. Hence, (au + bw)2 = 4a2 + 22ab+ 4b2.
Finally, (au + bw, v) = 15a+ 15b.
An object s = au+ bw in this sublattice is spherical if it satisfies 4a2 + 22ab+ 4b2 = −2. Observe
that for the wall to be Brill-Noether, such a class must also satisfy 0 = (s,v) = 15a+ 15b. No such
integer solutions exist, so this is not a Brill-Noether wall.
An object s = au+ bw in this sublattice is isotropic if it satisfies 2a2 + 22ab+ 4b2 = 0. The wall
is Hilbert-Chow if it has integer solutions to this equation and to 1 = (s,v) = 15a+ 15b. No such
integer solutions exist, so this is not a Hilbert-Chow wall.
Since there are not integer solutions to 2a2 + 22ab + 4b2 = 0 and 2 = (s,v) = 15a + 15b, we
conclude that the wall is not Li-Gieseker-Uhlenbeck either.
Observe that u2 = 4 ≥ 0, w2 = 4 ≥ 0 with (u, v) = 15 > 0 and (w, v) = 15 > 0, so u and w are
both positive classes. Furthermore, v = u + w, v can be written as the sum of two positive classes.
We conclude that this is in fact a flopping wall.
Wall: Ip,q,r,s(−1), i∗L−12
The Chern characters of these objects are Ch(Ip,q,r,s(−1)) = (1,−H,−2) and Ch(i∗L−12) =
(0, H,−14), so their Mukai vectors are given by u := v(Ip,q,r,s(−1)) = (1,−H,−1) and w :=
v(i∗L−12) = (0, H,−14). It follows that u2 = 6, (u,w) = 10, and w2 = 4. Hence, (au + bw)2 =
6a2 + 20ab+ 4b2. Finally, (au + bw, v) = 16a+ 14b.
An object s = au+ bw in this sublattice is spherical if it satisfies 6a2 + 20ab+ 4b2 = −2. Observe
that for the wall to be Brill-Noether, such a class must also satisfy 0 = (s,v) = 16a+ 14b. No such
integer solutions exist, so this is not a Brill-Noether wall.
An object s = au+ bw in this sublattice is isotropic if it satisfies 6a2 + 20ab+ 4b2 = 0. The wall
is Hilbert-Chow if it has integer solutions to this equation and to 1 = (s,v) = 16a+ 14b. No such
integer solutions exist, so this is not a Hilbert-Chow wall.
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Since there are not integer solutions to 6a2 + 20ab + 4b2 = 0 and 2 = (s,v) = 16a + 14b, we
conclude that the wall is not Li-Gieseker-Uhlenbeck either.
Observe that u2 = 6 ≥ 0, w2 = 4 ≥ 0 with (u, v) = 16 > 0 and (w, v) = 14 > 0, so u and w are
both positive classes. Furthermore, v = u + w, v can be written as the sum of two positive classes.
We conclude that this is in fact a flopping wall.
Wall: Ip,q,r,s,t(−1), i∗L−11
The Chern characters of these objects are Ch(Ip,q,r,s,t(−1)) = (1,−H,−3) and Ch(i∗L−11) =
(0, H,−13), so their Mukai vectors are given by u := v(Ip,q,r,s,t(−1)) = (1,−H,−2) and w :=
v(i∗L−11) = (0, H,−13). It follows that u2 = 8, (u,w) = 9, and w2 = 4. Hence, (au + bw)2 =
8a2 + 18ab+ 4b2. Finally, (au + bw, v) = 17a+ 13b.
An object s = au+ bw in this sublattice is spherical if it satisfies 8a2 + 18ab+ 4b2 = −2. Observe
that for the wall to be Brill-Noether, such a class must also satisfy 0 = (s,v) = 17a+ 13b. No such
integer solutions exist, so this is not a Brill-Noether wall.
An object s = au+ bw in this sublattice is isotropic if it satisfies 8a2 + 18ab+ 4b2 = 0. The wall
is Hilbert-Chow if it has integer solutions to this equation and to 1 = (s,v) = 17a+ 13b. No such
integer solutions exist, so this is not a Hilbert-Chow wall.
Since there are not integer solutions to 8a2 + 18ab + 4b2 = 0 and 2 = (s,v) = 17a + 13b, we
conclude that the wall is not Li-Gieseker-Uhlenbeck either.
Observe that u2 = 8 ≥ 0, w2 = 4 ≥ 0 with (u, v) = 17 > 0 and (w, v) = 13 > 0, so u and w are
both positive classes. Furthermore, v = u + w, v can be written as the sum of two positive classes.
We conclude that this is in fact a flopping wall.
Wall: OS(−2)⊕2,OS(−4)[1]
The Chern characters of these objects are Ch(OS(−4)) = (1,−4H, 32) and Ch(OS(−2)) =
(1,−2H, 8), so their Mukai vectors are given by u := v(OS(−4)) = (1,−4H, 33) and w :=
v(OS(−2)) = (1,−2H, 9). It follows that u2 = −2, (u,w) = −10, and w2 = −2. Hence,
(au + bw)2 = −2a2 − 20ab+−2b2. Finally, (au + bw, v) = −18a+ 6b.
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An object s = au + bw in this sublattice is spherical if it satisfies −2a2 − 20ab − 2b2 = −2.
Observe that for the wall to be Brill-Noether, such a class must also satisfy 0 = (s,v) = −18a+ 6b.
No such integer solutions exist, so this is not a Brill-Noether wall.
An object s = au + bw in this sublattice is isotropic if it satisfies −2a2 − 20ab− 2b2 = 0. The
wall is Hilbert-Chow if it has integer solutions to this equation and to 1 = (s,v) = −18a+ 6b. No
such integer solutions exist, so this is not a Hilbert-Chow wall.
Since there are not integer solutions to −2a2 − 20ab− 2b2 = 0 and 2 = (s,v) = −18a+ 6b, we
conclude that the wall is not Li-Gieseker-Uhlenbeck either.
To show that it is a flopping wall, it suffices to find a spherical class s ∈ H with 0 < (s,v) < v22 .
Since w is a spherical class, with (w,v) = 6 and v22 = 15, it follows that setting s = w yields the
desired class. Therefore, this wall is a flopping wall.
57
2.2 Birational geometry at the walls
Having now determined the pairs of destabilizing objects given in figure 2.1 and their associated
extension groups, as in the previous chapter we determine the moduli spaces and loci involved in
the birational geometry linked to the wall crossing behavior.
We look at the largest wall, given by the destabilizing pair (OS(−1), i∗L−16). By Proposition 14.2
in [4], the chamber above this wall and in the second quadrant corresponds to Gieseker semistable
sheaves. The Gieseker moduli space for objects with Mukai vector v(E) = (1, 0,−15) is the Hilbert
scheme of 16 points on the surface S, denoted by Hilb16(S), which is smooth and symplectic of
dimension 32 (see Example 4.5.10 in [12]). At the first wall, a semistable extension is given by OS(−1)
and i∗L−16. The objects OS(−1) are given by a hyperplane section, coming from a hyperplane
H ⊂ P3, and are thus parametrized by (P3)∨. For each such hyperplane, its intersection with S cuts
out a quartic plane curve, C ⊂ S. On this curve the set of line bundles of degree −16 is given by the
Jac−16(C), which is three-dimensional. Together, varying the hyperplane and recording the Jacobian
of the associated quartic plane curve it cuts out form the Beauville-Mukai system BM(−16)
[16]. The extension groups Ext1(OS(−1), i∗L−16) ∼= C14 and Ext1(i∗L−16,OS(−1)) ∼= (C14)∨,
form a P13−bundle over each point in the Beauville-Mukai system. Hence, the P13−bundle is
a smooth coisotropic subvariety of Hilb16(S) of codimension 13. The wall crossing destabilizes
Ext1(i∗L−16,OS(−1)) but stabilizes the reverse extensions Ext1(OS(−1), i∗L−16) of sheaves with
non-trivial torsion, another P13−bundle over the same locus. Hence, this transformation is in fact
induced by a Mukai flop (see Remark 11.33 of [17] or Theorem 0.7 of [18]).
The next wall is given by the destabilizing pair (Ip(−1), i∗L−15). Observe that p ∈ S determines
Ip(−1), so these objects are parametrized by S. Similar to the previous wall, the quartic plane
curve C is given by a plane H ∈ (P3)∨ and for each such choice, a selection of line bundle i∗L−15
corresponding to a point in Jac−15(C). Again, this forms a Beauville-Mukai integrable system,
so the destabilizing pair is parametrized by S × BM(−15) and we take the open complement of
the associated incidence variety, which is symplectic and 8 dimensional. The extension groups
Ext1(Ip(−1), i∗L−15) ∼= C13 and Ext1(i∗L−15, Ip(−1)) ∼= (C13)∨ form a P12−bundle over this
locus. By Lemma 37, the pair Ip(−1), i∗L−15 is unique for such a destabilized object E. Hence,
the P12−bundle over the S× BM(−15) system embeds in the moduli space. Crossing the wall
corresponds to a Mukai flop exchanging one P12−bundle for the other. The ideal sheaves given by
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Ext1(i∗L−15, Ip(−1)) ∼= C13 are destabilized and replaced by stable sheaves with non-trivial torsion
given by Ext1(Ip(−1), i∗L−15).
The next wall is given by the destabilizing pair (Ip,q(−1), i∗L−14). Arguments similar to those
used for the previous destabilizing pairs show that these objects are parametrized by the open
complement of the associated incidence variety within Hilb2(S) and the Beauville-Mukai system
for degree −14 line bundles, BM(−14), a locus that is smooth, symplectic and of dimension
10. Furthermore, over this locus is the P11−bundle given by Ext1(Ip,q(−1), i∗L−14) ∼= C12 and
Ext1(i∗L−14, Ip,q(−1)) ∼= (C12)∨. Again, similar arguments show that this is indeed an embedding
into the moduli space. The wall crossing from above to below the wall induces a Mukai flop
from the P11−bundle associated to Ext1(i∗L−14, Ip,q(−1)) to the dual P11−bundle associated to
Ext1(Ip,q(−1), i∗L−14). The ideal sheaves given by Ext1(i∗L−14, Ip,q(−1)) ∼= C12 are destabilized
and replaced by stable sheaves with non-trivial torsion given by Ext1(Ip,q(−1), i∗L−14).
The next wall is given by the destabilizing pair (Ip,q,r(−1), i∗L−13). Arguments similar to
those used for the previous destabilizing pairs show that these objects are parametrized by the
open complement of the associatd incidence variety within Hilb3(S) and the Beauville-Mukai sys-
tem for degree −13 line bundles, BM(−13). Furthermore, over this locus is the P10−bundle
given by Ext1(Ip,q,r(−1), i∗L−13) ∼= C11 and Ext1(i∗L−13, Ip,q,r(−1)) ∼= (C11)∨. Again, simi-
lar arguments show that this is indeed an embedding into the moduli space. The wall cross-
ing from above to below the wall induces a Mukai flop from the P10−bundle associated to
Ext1(i∗L−13, Ip,q,r(−1)) to the dual P10−bundle associated to Ext1(Ip,q,r(−1), i∗L−13). The ideal
sheaves given by Ext1(i∗L−13, Ip,q,r(−1)) ∼= C11 are destabilized and replaced by stable sheaves with
non-trivial torsion given by Ext1(Ip,q,r(−1), i∗L−13).
The next wall is given by the destabilizing pair (Ip,q,r,s(−1), i∗L−12). Arguments similar
to those used for the previous destabilizing pairs show that these objects are parametrized by
the open complement of the associated incidence variety within Hilb4(S) and the Beauville-
Mukai system for degree −12 line bundles, BM(−12). Furthermore, over this locus is the
P9−bundle given by Ext1(Ip,q,r,s(−1), i∗L−12) ∼= C10 and Ext1(i∗L−12, Ip,q,r,s(−1)) ∼= (C10)∨.
Again, similar arguments show that this is indeed an embedding into the moduli space. The
wall crossing from above to below the wall induces a Mukai flop from the P9−bundle associated to
Ext1(i∗L−12, Ip,q,r,s(−1)) to the dual P9−bundle associated to Ext1(Ip,q,r,s(−1), i∗L−12). The ideal
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sheaves given by Ext1(i∗L−12, Ip,q,r,s(−1)) ∼= C10 are destablized and replaced by stable sheaves
with non-trivial torsion given by Ext1(Ip,q,r,s(−1), i∗L−12).
The next wall is given by the destabilizing pair (Ip,q,r,s,t(−1), i∗L−11). Arguments similar to
those used for the previous destabilizing pairs show that these objects are parametrized by the open
complement of the associated incidence variety within Hilb5(S) and the Beauville-Mukai system
for degree −11 line bundles, BM(−11). Furthermore, over this locus is the P8−bundle given by
Ext1(Ip,q,r,s,t(−1), i∗L−11) ∼= C9 and Ext1(i∗L−11, Ip,q,r,s,t(−1)) ∼= (C9)∨. Again, similar arguments
show that this is indeed an embedding into the moduli space. The wall crossing from above to
below the wall induces a Mukai flop from the P8−bundle associated to Ext1(i∗L−11, Ip,q,r,s,t(−1))
to the dual P8−bundle associated to Ext1(Ip,q,r,s,t(−1), i∗L−11). The ideal sheaves given by
Ext1(i∗L−11, Ip,q,r,s,t(−1)) ∼= C9 are destabilized and replaced by stable sheaves with non-trivial
torsion given by Ext1(Ip,q,r,s,t(−1), i∗L−11).
The wall given by the destabilizing pair (OS(−2)⊕2,OS(−4)[1]) destabilizes the restrictions of
the ideal sheaves of degree 4 elliptic curves. However, it will also destabilize those objects E that
admit a section of H0(S,E(2)), so generically all ideal sheaves of 16 points for which the 16 points
lie on a quadric hyperplane section of the K3 surface. The loci for which these occur may be split
into connected destabilized loci determined by the dimension of H0(S,E(2)); sheaves for which
h0(S,E(2)) > 0 will be a destabilizing locus, sheaves for which h0(S,E(2)) > 1 will be a sub-locus,
and continuing further until the loci determined by h0(S,E(2)) = 2. In particular, those for which
the dimension equals 2 correspond to the restrictions of ideal sheaves of elliptic degree four curves.
Similar to the case of the previous chapter, when there is a single degree 2 section, the quotient
Q will have Chern character Ch(Q) = (0, 2H,−24) which is generically a degree −16 line bundle
on the quadric hyperplane section. The only non-zero Ext group between OS(−2) and Q is
Ext1(OS(−2), Q) = C8, forming a P7−bundle over the associated 18 dimensional Beauville-Mukai
integrable system parametrizing the objects Q. This in turn yields a Mukai flop of the P7−bundle,
replacing it with the dual (P7)∨−bundle.
There is also the pair (IZ′(−1), i∗L−8), parametrized by the open complement of the associated
incidence variety within Hilb6(S) × BM(−10) and Ext1(IZ′(−1), i∗L−10) = C8, resulting in a
P7−bundle. This too experiences a Mukai flop, replaced by the dual projective bundle.
We summarize the preceding results in the following theorem.
60
Theorem 46. There is a path γ : [0, 1] → R × R>0 ⊂ Stab(K3) that crosses the following walls
for v = (1, 0,−16) in the following order. The walls are defined by the two given objects having the
same slope, and all strictly semistable objects at each of the walls are extensions of those two objects.
Let Zk ⊂ S be a zero-dimensional length k ≥ 1 subscheme of the K3 surface S, and i∗L(n) be a








The chambers separated by those walls lead to the following moduli spaces.
• The first moduli space is the Hilbert scheme of 16 points on the K3 surface, a smooth, irreducible,
symplectic variety of dimension 32 parametrizing ideal sheaves of length 16, zero dimensional
subschemes of S.
• The second moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an embedding of a P13−bundle over BM(−16).
• The third moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an open subset of an embedding of a P12−bundle over the product
S ×BM(−15).
• The fourth moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an open subset of an embedding of a P11−bundle over the product
Hilb2(S)×BM(−14).
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• The fifth moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an open subset of an embedding of a P10−bundle over the product
Hilb3(S)×BM(−13).
• The sixth moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an open subset of an embedding of a P9−bundle over the product
Hilb4(S)×BM(−12).
• The seventh moduli space is a smooth, irreducible, symplectic variety of dimension 32. This
results from a Mukai flop of an open subset of an embedding of a P8−bundle over the product
Hilb5(S)×BM(−11).
• The eighth moduli space is a smooth, irreducible, symplectic variety of dimension 32. The
birational transformations from crossing this wall include a Mukai flop of an open subset
of an embedding of a P7−bundle over the product Hilb6(S) × BM(−10) and a Mukai flop
of an embedding of open subset of a P7−bundle over a Beauville-Mukai system of degree
−16 torsion-free sheaves supported on a quadric hypersurface section of S. The Lagrangian
subvariety of Hilb16(S) parametrizing the restriction of ideal sheaves of elliptic quartic curves
is also destabilized. The remaining points of the moduli space do not parametrize objects which
are the restrictions of objects given by Theorem 47.
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2.3 Relating the Bridgeland moduli space on P3 of objects with Chern character
(1, 0,−4, 8)
Much like in the previous chapter, in this section we recall the work that Gallardo et al
produced in [10] regarding the Bridgeland moduli spaces of stable sheaves with Chern character
Ch(E) = (1, 0,−4, 8) on P3. Then we relate the birational geometry and wall crossing behavior
observed between those moduli spaces and the ones detailed in the previous section.
Theorem 47. ([10]) Let v = (1, 0,−4, 8) = Ch(IC), where C ⊂ P3 is an elliptic quartic curve.
There is a path γ : [0, 1] → R>0 × R ⊂ Stab(P3) such that the moduli spaces of semistable objects
with Chern character v in its image outside of walls are given in the following order.
• (0) The empty space M0 = ∅.
• (1) The Grassmannian M1 = G(1, 9) parametrizing pencils of quadrics. The only non-ideal
sheaves in the moduli space come from the case, where a 2-plane is contained in the base locus
of the pencil.
• (2) The second moduli space M2 is the blow up of G(1, 9) along a smooth locus isomorphic to
G(1, 3)× (P3)∨ parametrizing the non-ideal sheaves in M1. The exceptional divisor generically
parametrizes unions of a line and a plane cubic intersecting each other in a single point. The
only non-ideal sheaves in this moduli space come from the case when the line is contained in
the plane.
• (3) The third moduli space M3 has two irreducible components M13 and M23 . The first
componentM13 is the blow up ofM2 along the smooth incidence variety parametrizing length two
subschemes in a plane in P3. The second componentM23 is a P14−bundle over Hilb2(P3)×(P3)∨.
It generically parametrizes unions of plane quartics with two points, either outside the curve
or embedded. The two components intersect transversally along the exceptional locus of the
blow up. The only non-ideal sheaves occur in the case where at least one of the two points is
not scheme-theoretically contained in the plane.
• (4) The fourth moduli space M4 has two irreducible components M14 and M24 . The first
component is equal to M13 . The second component is birational of M23 . The new locus
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parametrizes plane quartics with two points, such that exactly one point is scheme-theoretically
contained in the plane.
• (5) The fifth moduli space is the Hilbert scheme Hilb4t(P3), which has two components:
Hilb4t(P3)1 and Hilb4t(P3)2. The principal component Hilb4t(P3)1 contains an open subset of
elliptic quartic curves and is equal to M13 . The second component is of dimension 23 and
is birational to M23 . Moreover, the two components intersect transversally along a locus of
dimension 15. The component Hilb4t(P3)2 differs from M24 in the locus of plane cubics together
with two points scheme-theoretically contained in the plane.
Corresponding to the moduli spaces in Theorem 47, there are walls determined by the following
pairs of destabilizing objects.
Corollary 48. ([10]) There is a path γ : [0, 1] → R>0 × R ⊂ Stab(P3) that crosses the following
walls for v = (1, 0,−4, 8) in the given order. The walls are defined by the two given objects having
the same slope. Moreover, all strictly semistable objects at each of the walls are extensions of those
two objects. Let L be a line in P3, V a plane in P3, Z ⊂ P3 a length two zero dimensional subscheme,
Z ′ ⊂ V a length two zero dimensional subscheme and P ∈ P3, Q ∈ V be points.
• (1) O(−2)⊕2, O(−4)[1]
• (2) IL(−1), OV (−3)
• (3) IZ(−1), OV (−4)
• (4) IP (−1), IQ/V (−4)
• (5) O(−1), IZ′/V (−4)
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Now, we look at the restrictions of these objects to the K3 surface S. The restriction of line
bundles, their sums, and their shifts are again line bundles on S, so Ch(O(−1)) = (1,−1, 2),
Ch(O(−2)) = (1,−2, 8) and Ch(O(−4)) = (1,−4, 32) on S. For the ideal sheaf of a line, observe
that the intersection L∩ S is a zero dimensional subscheme of length four, so on S Ch(IL(−1)|S) =
(1,−1,−2) = Ch(IZ(−1)) where Z = L ∩ S. A line bundle of degree d on a plane will generically
restrict on S to a line bundle of degree 4d supported on a plane quartic, hence Ch(OV (−3)) =
(0, 1,−14) on S.
Generically, P,Q,Z, Z ′ will not intersect S, so in this case Ch(IP (−1)) = (1,−1, 2) = Ch(IZ(−1)) =
Ch(OS(−1)), and Ch(IQ/V (−4)) = (0, 1,−18) = Ch(IZ′/V (−4)) = Ch(i∗L−16) by Lemma 40.
In the non-generic case, the restrictions of the twisted ideal sheaves of points IZ(−1) will be
given by extensions of the form
0→ OZ∩S → IZ(−1)|S → IZ∩S(−1)→ 0
which are not Bridgeland semistable objects. Similarly, the restriction of a twisted ideal sheaf of a
subscheme on a plane IZ′/V (−4) will be given by extensions of the form
0→ OZ′∩S → IZ′/V (−1)|S → i∗L−16−|Z′∩S| → 0
which are again not Bridgeland semistable objects.
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What this means is that generically, the first object in the pairs (3), (4), (5) of Theorem 48
restrict to OS(−1) while the second object in these pairs restricts to i∗L−16. Hence, the restrictions
of extensions given by these three pairs will generically be destabilized by the wall in the K3 case
given by OS(−1) and i∗L−16. Observe that the restrictions of objects given by extensions in (2)
of Theorem 48 will be given extensions of IZ(−1) and i∗L−12 where |Z| = 4 is a zero-dimensional
subscheme, hence destabilized by the wall corresponding to these objects on S. Finally, extensions
of the pair of objects in (1) of Theorem 48 will be destabilized at the wall given by OS(−2) and
OS(−4).
In the non-generic cases, the restrictions of the extensions are neither Bridgeland stable nor
semistable objects, so will not correspond to any points in the Bridgeland moduli spaces of such
objects on the K3 surface. This means the objects which do restrict from the moduli spaces in the
P3 setting comprise quasi-projective spaces given by the complement of the loci where P,Q,Z, Z ′
have non-empty intersection with S.
We examine the restriction of extensions parametrized by M1 in Theorem 47. Generically, these
are give by extensions in Ext1(O(−4)[1],O(−2)⊕2), ideal sheaves of degree four elliptic curves given
by the intersection of two degree 2 hypersurfaces. The non-ideal sheaves arise when the base locus
of the pencil of quadrics contains a plane. Restricting these objects to the K3 surface, we again
have extensions given by Ext1(O(−4)[1],O(−2)⊕2) which is of the same dimension as in P3. In
this case, the restriction of the non-ideal sheaves are those that contain a quartic plane curve in
their base locus. Moreover, the 2× 1 matrix with entries in H0(S,O(2)) that forms the map from
OS(−4)→ OS(−2)⊕2 can be lifted to the corresponding sequence in P3, so all such objects given by
this sequence on the K3 surface do in fact come from P3.
We now examine the restriction of extensions given by (2) in Theorem 48. These extensions
are destabilized when crossing the wall associated with birational transformation between M1
and M2 in Theorem 47. Since L ∩ S = Z a zero-dimensional subscheme of length 4 and OV (−3)
restricts to i∗L−12, these extensions will restrict to extensions of the objects IZ(−1), i∗L−12
where Z are collinear. Since a line is determined by two points, these will be parametrized by
G(1, 3)×BM(−12) ⊂ Hilb4(S)×BM(−12) parametrizing collinear subschemes Z within the locus
destabilized by the wall associated to IZ(−1), i∗L−12, |Z| = 4, in the K3 setting. For a particular
choice of line L and plane V , there is a C9 group of extensions of the prescribed form in the
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P3 case. However, on S letting Z = S ∩ L and C = S ∩ V , there is a C10 group of extensions
Ext1(i∗L−12, IZ(−1)) so there is a discrepancy given in part by how OV (−3) restricts to i∗L−12.
Moreover, the extensions given in the exceptional divisor of the blowup of M1 by M2 that collapse
after the associated wall crossing in the P3 moduli spaces restrict on S to extensions that collapse
after crossing the wall associated to the destabilizing pair (IZ(−1), i∗L−12) and are replaced by
reverse extensions that have non-trivial torsion.
Observe that since Z = L ∩ S consists of four collinear points, H0(S, IZ(1)) = C2. The short
exact sequence
0→ IZ(−1)→ E|S → i∗L−12 → 0
yields the isomorphisms 0 = H0(S, IZ) ∼= H0(S,E|S(1)) and C2 = H0(S, IZ(1)) ∼= H0(S,E|S(2)).
This implies that the 16 points corresponding to the restricted extension do not lie in a linear
hyperplane section of S but do in fact lie in a pencil of quadric hypersurface sections of S.
We now look at extensions parametrized by M3 in Theorem 47. The space M3 has two
components, denoted by M13 and M23 . We first examine extensions in the first component M13
not contained in M2, those in the exceptional divisor of the blowup of M2. These are given by
IZ(−1), OV (−3) for which Z ⊂ V is a zero-dimensional subscheme of length two contained in
V . These are given by blowing up M2 in the smooth incidence variety parametrizing Z ⊂ V of
Hilb2(P3)× (P3)∨. For Z ∩ S = ∅, an extension of the form
0→ IZ(−1)→ E → OV (−4)→ 0
generically restricts to one of the form
0→ OS(−1)→ E|S → i∗L−16 → 0
For the subschemes Z such that Z ∩ S 6= ∅, the discussion about the non-generic cases following
Corollary 48 shows that their restrictions to S yield Bridgeland unstable objects, and hence do not
correspond to any points in the Bridgeland moduli spaces in the K3 setting.
Twisting the short exact sequence of the generic case by OS(1) and taking the associated long
exact sequence induces the isomorphism C ∼= H0(S,O) ∼= H0(S,E|S(1)) implying that the 16 points
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associated to this restriction all lie in a hyperplane section of the K3 surface.
We now examine extensions in the second component, M23 . Notice that for those objects strictly
in M23 and not in M13 , these are given by Z 6⊂ V . As in the component M13 , these generically restrict
to extensions of the form
0→ OS(−1)→ E|S → i∗L−16 → 0
and extensions corresponding to the case when Z ∩ S 6= ∅ restrict to unstable objects and are thus
not represented within the moduli spaces in the K3 setting.
In the generic case for any object given by a point in the exceptional divisor within M13 or
any point within M23 , the choice of the plane V determines the hyperplane section C on S and
the associated line bundle of degree −16. Hence, for each OV (−4), a single point corresponding
to the plane V is represented in the Beauville-Mukai system BM(−16). Furthermore, the points
Z ∈ V do not affect the restriction of IZ(−1) to S. Thus, for points T ∈ M13 in the exceptional
divisor corresponding to (Z ⊂ V ) for fixed V , these all map to a fiber of the P13−bundle over
BM(−16). Similarly, for points T strictly in M23 and not in M13 , the corresponding Z ∈ P3 do
not affect the restriction of IZ(−1) to S, so for each pair (Z, V ), these collapse to the fiber of the
P13−bundle over BM(−16) corresponding to point in BM(−16) classifying the plane V and degree
−16 line bundle coming from OV (−4). Notice that the locus of generic extensions in M23 given by a
fixed choice of Z disjoint from S corresponds to restricting the P14−bundle to a {Z} × (P3)∨−slice
within Hilb2(P3) × (P3)∨, which is 17-dimensional. However, as the restrictions of these objects
correspond to a 16-dimensional locus within Hilb16(S), this means that for a fixed V , the fiber of
the P14−bundle over it drops dimension by 1; there are distinct extensions in P3 that collapse to the
same extension on the K3 surface. Notice that the choice of V and its restriction to S in fact induces
a section within the Beauville-Mukai system. This 16-dimensional locus then is realized as the
P13−bundle over this section, which is rationally connected. As rationally connected varieties admit
no p−forms for p > 0 [19], it follows that the pullback of the holomorphic 2−form of the underlying
Beauville-Mukai integrable system vanishes on this locus; it is Lagrangian within Hilb16(S).
We now examine the extensions ET coming from points T ∈ M4, the fourth moduli space
described in Theorem 47. M4 consists of two components M14 which is equal to M13 and M24 which
is birational to M23 . Since it is in the second components that M3 and M4 differ, we look at these
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components.
Let ET fit into a short exact sequence
0→ IP (−1)→ ET → IQ/V (−4)→ 0
Generically, we have P,Q /∈ S, so the restriction of this to the K3 surface yields
0→ OS(−1)→ ET |S → i∗L−16 → 0
If P 6= Q, then ET is given by a point in a P14−bundle over the 8 dimensional locus of points
(P,Q, V ) ∈ P3 × P3 × (P3)∨ where Q ∈ V . Hence, the quasi-projective variety given by P,Q /∈ S
and P 6= Q is a 22-dimensional smooth variety whose extensions restrict down those given by the
generic sequence above. However, the choice of P and Q do not affect the line bundle i∗LV−16,
solely determined by the plane V in IQ/V (−4), so for each fixed V the P14−bundle restricted to the
P3 ×Hilb1(V ) of pairs (P,Q), P 6= Q, P,Q /∈ S collapses to a single fiber of the P13−bundle over
the associated point in BM(−16). Hence, there is a drop in dimension from 19 associated to the
fixed plane V to 13. Again, this implies that there are distinct extensions in M24 that restrict to the
same extension on S.
Next, we examine the generic extensions corresponding to P = Q /∈ S. The locus parametrizing
such pairs is a 5-dimensional sublocus of (P,Q, V ) ∈ P3 × P3 × (P3)∨ where P = Q ∈ V . The
corresponding extensions are given by a P16−bundle over this 5-dimensional locus, yielding a 21
dimensional quasi-projective variety for P = Q /∈ S. Fixing V fixes a line bundle i∗LV−16, so the
associated P16−bundle restricted to Hilb1(V ) of P = Q is 18-dimensional and restricts again to a
13 dimensional fiber of the P13−bundle over the associated point in BM(−16). Again, there are
distinct extensions in M24 that restrict on S to the same extension.
In the non-generic cases where either P ∈ S or Q ∈ S, the restriction of the associated extensions
result in objects which are neither Bridgeland stable nor semistable, and hence do not correspond to
any points in the moduli spaces in the K3 setting. For those that do restrict, they will be completely
destabilized after the wall crossing associated to the destabilizing pair OS(−1), i∗L−16.
The wall crossing from M4 to M3 collapses the extensions described above, though reverse
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extensions not belonging to the moduli spaces detailed in Theorem 47 do exist. For these, we see
there is a unique extension E′ ∈ Ext1(IP (−1), IQ/V (−4)) which restricts to an extension
0→ i∗L−16 → E′|S → OS(−1)→ 0
after the largest wall in the K3 setting iff P,Q /∈ S. Since the choice of P,Q again do not affect
i∗L−16, the 8-dimensional locus parametrizing (P,Q, V ) collapses to the locus in BM(−16) cut out
by the assignment of i∗LV−16 to the corresponding plane V . In the case where P = Q, there is a
P2−bundle over the 5-dimensional locus (P,Q, V ) ∈ P3 × P3 × (P3)∨ where P = Q ∈ V . For fixed
V , the restriction of the P2−bundle to Hilb1(V ) is mapped to the fiber of the (P13)∨−bundle over
the corresponding point in BM(−16). If either P ∈ S or Q ∈ S, the extensions do not restrict to
stable objects on S and hence are not represented by any points in the K3 moduli spaces.
We finally look at extensions ET for T ∈ M5. From Theorem 47, M5 = M15 ∪M25 , where
M15 = M14 = M13 and M25 is birational to M24 . The extensions in M25 that are not in M24 are of the
form
0→ O(−1)→ ET → IZ′/V (−4)→ 0
where Z ′ is a length 2 zero-dimensional subscheme of the plane V . The locus parametrizing such
ideal sheaves is irreducible and dimension 7, with a P14−bundle over it. For generic Z ′ ∩ S = ∅, the
restriction of this sequence to S takes the form
0→ OS(−1)→ ET |S → i∗L−16 → 0
and when Z ′∩S 6= ∅, the restriction is unstable and hence does not exist in the moduli spaces in the
K3 setting. Fixing V , and restricting the P14−bundle to the locus Hilb2(V )× {V } parametrizing
Z ′ ⊂ V , this 18-dimensional locus is mapped to the fiber of the P13−bundle over the associated
point (V, i∗LV−16) ∈ BM(−16) dropping dimension by 5. Hence, there distinct extensions in the P3
context restrict to the same extension on S.
From the above description, it is clear that extensions ET which are found in the moduli spaces
M3,M4, andM5 but not inM2 orM1 either restrict to sheaves that are neither stable nor semistable
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on S, or to sheaves that take the form
0→ OS(−1)→ ET |S → i∗L−16 → 0
Hence, those that do in fact restrict to stable sheaves are represented by points in Hilb16(S) and
are destabilized after the first wall crossing corresponding to the destabilizing pair in the above
sequence. Extensions in the exceptional divisor of the blowup of M1 to M2 are those given by the
sequence
0→ IL(−1)→ ET → OV (−3)→ 0
and all restrict to extensions on S of the form
0→ IZ(−1)→ ET |S → i∗L−12 → 0
where Z = L ∩ S. These extensions are not destabilized in the K3 setting until the wall crossing
corresponding to the destabilizing pair (IZ(−1), i∗L−12). Finally, extensions only in M1 are those
which take the form
0→ O(−2)⊕2 → ET → O(−4)[1]→ 0,
expressed here as an extension of complexes rather than a free resolution of E. These all restrict to
extensions on S of the form
0→ OS(−2)⊕2 → ET |S → OS(−4)[1]→ 0
and are destabilized after the wall crossing associated to the destabilizing pair (OS(−4),OS(−2).
Again by Proposition 43, all extensions found inM1 restrict to simple sheaves on S and the restriction
map from M1 to Hilb16(S) is a local isomorphism of M1 into a Lagrangian subvariety.
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CHAPTER 3
Moduli spaces for Chern character (1, 0,−4e2)
In this chapter, we make some observations and conjectures for generalizations of the results
from the previous chapter. We let Ce be the curve attained by intersecting two degree e surfaces in
P3, for e ≥ 2. Then, there is a short exact sequence given by
0→ OP3(−2e)→ OP3(−e)⊕2 → ICe → 0
The Chern character of the ideal sheaf is then given by Ch(ICe) = (1, 0,−e2, e3). The restriction
of this ideal sheaf to the quartic K3 surface S, which we denote by ICe |S has Chern character
Ch(ICe) = (1, 0,−4e2), generically the ideal sheaf of 4e2 points. The potential wall corresponding
to the short exact sequence
0→ OS(−2e)→ OS(−e)⊕2 → ICe |S → 0





)2 and on this wall,
by Proposition 20 and Lemma 21, (OS(−2e)[1],O⊕2S (−e)) is an actual destabilizing pair of objects,
so this wall is in fact real. Moreover, by Lemma 26, all walls are contained within the wall determined
by the destabilizing object OS(−1). Additionally, the large volume limit above this particular wall
corresponds to the Gieseker-semistable objects of Chern character Ch(E) = (1, 0,−4e2), the ideal
sheaves of zero-dimensional subschemes of length 4e2. These are parametrized by Hilbert scheme of
4e2 points on S, Hilb4e2(S) of dimension 8e2.
We now generalize Lemma 44 to the case of general e ≥ 2. We will examine the walls that
intersect the vertical line β = −e.
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Lemma 49. If an exact sequence 0→ F → E → G→ 0 in A−e(S) defines a wall for β = −e, with
Ch(E) = (1, 0,−4e2), then up to interchanging F and G, Ch−e(F ) = (1, cH, d) for 1 ≤ c ≤ e − 1
and −2ec+ 1 ≤ d ≤ 2c2 and Ch−e(G) = (0, e− c, d+ 2e2).
Proof. Observe that Ch−e(E) = (1, e,−2e2). Let Ch−e(F ) = (r, cH, d). Since F ∈ A−e(S),
0 ≤ c ≤ e. Observe that if c = 0 then µ−e,t(F ) = +∞ and if c = e, then µ−e,t(G) = +∞. However,
µ−e,t(E) = − t
2+e2
2te where t > 0, so is never equal to +∞. Hence, no such wall could occur and thus
1 ≤ c ≤ e− 1.
Observe that µ−e,t(F ) = d−2rt
2
4tc and µ−e,t(E) = −
t2+e2
2te , so setting these equal yields
t2 = e(2ec+ d)2(re− c) > 0
Since e > c > 0 and r ∈ Z, it follows that re− c < 0 iff r ≤ 0. We show that r ≤ −1 produces a
contradiction. This will also imply that r ≥ 2 cannot occur.
If r ≤ −1, then re − c < 0 so it follows that e(2ec + d) < 0. Since e > 0, this is equivalent
to d < −2ec. But then this implies that rd > 2ec. This is a contradiction since the Bogomolov
inequality states that
(r(F )− 1)c1(F )2 ≤ 2r(F )c2(F )
and c1(F ) = cH and c2(F ) = 2c2− d, so 4c2(r− 1) ≤ 2r(2c2− d) which simplifies to rd ≤ 2c2 < 2ec.
Thus, r = 0 or 1.
We can interchange the roles of F and G, and only consider the case for r(F ) = 1. Since
Ch−e(F ) = Ch(F ⊗O(e)) = (1, cH, d), then twisting by O(1− c) yields Ch−(e+1−c)(F ) = Ch(F ⊗
O(e+1−c)) = (1, 1, 2−2c2 +d), so by Lemma 24 it follows that d−2c2 ∈ Z≤0, so we see that d ≤ 2c2.
Moreover, since r > 0, it follows that 2ec+ d > 0, hence d > −2ec. Thus, −2ec+ 1 ≤ d ≤ 2c2.
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Remark. From the above proof we see that when F is a torsion-free rank 1 destabilizing object,
that Ch−(e+1−c)(F ) = (1, 1, 2 − 2c2 + d). By Lemma 24, this means that F ∼= IZ(c − e) for a
zero-dimensional subscheme of length 2c2 − d. Thus, all the walls between the largest wall and
the wall given by the free resolutions of the ideal sheaf of the curve of degree e2 corresponding to
torsion-free destabilizing objects are induced by destabilizing ideal sheaves of points on the surface.
Unlike in previous chapters, the greater range of values for Ch−e1 (F ) allows for rank 1 objects that
may indeed have torsion. We will only address those objects of the specified Chern characters that
are torsion-free since the classification of these is much simpler.
The next step is to classify the behavior of the wall crossings at different walls. In general, this
is more complicated than in the previous chapter when e = 2 because the torsion sheaves that are
quotients of the twisted ideal sheaves will no longer just be line bundles supported on a curve; they
may have rank greater than 1 on their support and thus are harder to classify. However, for certain
values of c and d, we may classify these walls more successfully.
Observe that for 1 ≤ c ≤ e− 1 and −2ec+ 1 ≤ d ≤ 2c2, the Chern character of the destabilizing
object IZ(c − e) where |Z| = 2c2 − d is (1, (c − e)H, 2e2 − 4ec + d), with Mukai vector u =
(1, (c− e)H, 2e2− 4ec+ d+ 1). The associated quotient has Chern character, also equal to its Mukai
vector, w = (0, (e− c)H,−6e2 + 4ec− d). Observe that
u2 = 4c2 − 2d− 2, w2 = 4e2 − 8ec+ 4c2, and (u,w) = 2e2 + 4ec− 4c2 + d.
Hence,
(au + bw)2 = a2(4c2 − 2d− 2) + 2ab(2e2 + 4ec− 4c2 + d) + b2(4e2 − 8ec+ 4c2).
Furthermore,
(au + bw, v) = a(2e2 + 4ec− d− 2) + b(6e2 − 4ec+ d).
We specialize to the set of walls for which c = e − 1. In this case, the objects of rank 0 will
be identified with line bundles on a curve C ′ ⊂ S. In particular, they will have Chern character
and Mukai vector w = (0, H,−2e2 − 4e− d). By Lemma 24, this is a line bundle i∗LC
′ of degree
−2e2 − 4e − d + 2 supported on a quartic plane curve C ′. Observe also that for c = e − 1,
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−2e2 + 2e+ 1 ≤ d ≤ 2e2 − 4e+ 2, so the degree takes values from −4e2 to −6e+ 1 < −4. Thus, the
choice of plane that determines the quartic plane curve and the line bundle of a given degree in the
range specified above are parametrized by the Beauville-Mukai system of the corresponding degree
line bundles, and hence a smooth, six-dimensional object.
The destabilizing objects of rank 1 will have Chern character Ch(F ) = (1,−H,−2e2 + 4e+ d),
where −2e2 + 2e + 1 ≤ d ≤ 2e2 − 4e + 2, which is the Chern Character of IZ(−1) for Z a
zero-dimensional subscheme of length 2e2 − 4e+ 2− d.
Looking at the walls corresponding to these particular objects, we see that
(au + bw)2 = a2(4e2 − 8e+ 2− 2d) + 2ab(2e2 + 4e− 4 + d) + 4b2
and
(au + bw,v) = a(6e2 − 4e− d− 2) + b(2e2 + 4e+ d).
For d = 2e2 − 4e+ 2, one checks that u2 = −2 and is thus spherical. Moreover, (u,v) = 4e2 − 4 <
4e2 − 1 = (v,v)2 . Notice that
d ≤ 2e2 − 4e+ 2 ≤ 2e2 − 4e+ 2 + (4e2 − 4) = 6e2 − 4e− 2
for e ≥ 1 with strict inequality for e > 1. Similarly,
−2e2 − 4e < −2e2 + 2e+ 1 ≤ d
for e ≥ 1. Thus 6e2− 4e− d− 2 > 0 and 2e2 + 4e+ d > 0 for e > 1 and so (u,v) > 0 and (w,v) > 0.
Finally for , d ≤ 2e2 − 4e+ 1, u2 ≥ 0 and w2 = 4 ≥ 0. Hence for −2e2 + 2e+ 1 ≤ d ≤ 2e2 − 4e+ 2,
if the associated wall does not satisfy the equations defining a divisorial wall, since they satisfy
the inequalities for a flopping wall they must in fact be flopping walls. The values for integers a, b
that solve the equations for the divisorial walls given by Theorem 30 are likely relatively sparse. In
addition, by Lemma 35, if |Z ∩ C| = m denotes the length of the zero-dimensional subscheme Z
that intersects the hyperplane section C, for there to be trivial Hom and Ext2 groups between the
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destabilizing objects, the following inequality must be satisfied:
4 +m < 2e2 + 4e+ d− 2
for which 0 ≤ m ≤ d. Generically speaking, m = 0 since the subscheme does not generically meet a
fixed curve C and the inequality holds because
−2e2 − 4e+ 6 < −2e2 − 4e+ 6 + (6e− 6) < −2e2 + 2e+ 1 ≤ d.
However, for the special subschemes lying on C entirely, the inequality reduces to
4 < 2e2 + 4e− 2
which holds for e ≥ 2. This leads to the following conjecture when looking at e ≥ 2.
Conjecture 50. In general, the walls given by destabilizing pairs consisting of an ideal sheaf of a
zero-dimensional subscheme twisted by OS(−1) and by a line bundle supported on a quartic plane
curve correspond to flopping walls. These walls are those which lack solutions to the associated
Diophantine equations that correspond to divisorial walls. The loci destabilized by crossing one of
these walls results in a Mukai flop of an embedding in Hilb4e2(S) of a projective bundle over the
open complement of an associated incidence variety within a product of a Hilbert scheme of points
on S and Beauville-Mukai system.
We now examine the walls described in Conjecture 50. At the walls described in this proposition,
the rank one destabilizing object F = IZ(−1) has Chern character Ch(F ) = (1,−H,−2e2+4e+d) and
the associated destabilizing quotient is a torsion-free sheaf (generically a line bundle) supported on a
hyperplane section with Chern character Ch(G) = (0, H,−2e2− 4e− d). From the discussion above,
it follows that Exti(F,G) = 0 for i = 0, 2, so dim(Ext1(F,G)) = −χ(F,G) = 2e2 + 4e+ d− 4. The
loci that parametrizes F , the zero-dimensional subschemes of length 2e2−4e+2−d, is S[2e2−4e+2−d]
which is 4e2 − 8e + 4 − 2d-dimensional, and the loci that parametrizes the rank one torsion-free
sheaves of degree −2e2−4e−d+ 2 on a given hyperplane section is given by BM(−2e2−4e−d+ 2),
a 6-dimensional Bueaville-Mukai system; hence the loci paremetrizing the choices of pairs of (F,G)
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is an open complement of an incidence variety and has dimension 4e2 − 8e + 10 − 2d, which is
of co-dimension 4e2 + 8e + 2d − 10. The Ext group gives a P2e2+4e+d−5−bundle over this locus,
which is flopped and replaced with the dual bundle of the same dimension over the same locus
parametrizing the pairs (F,G). This wall crossing replaces extensions which are generically ideal
sheaves of zero-dimensional subschemes of length 4e2 with reverse extensions that have non-zero
torsion.
One observation to make regarding the wall associated with the restriction of the free resolutions
is that there is in fact a similar bound on n for which A = OS(−e)⊕n is a destabilizing subobject
for the ideal sheaf of 4e2 points. We see that for endpoints −2e and −e, that −e(n) ≤ −2e(n− 1)
which gives en ≤ 2e, so n ≤ 2. If n = 1, there is no kernel and the destabilizing quotient is given
by Ch(B) = (0, eH,−6e2) which generically is a line bundle supported on a degree e hypersurface
section on S. In the n = 2 case, by a similar analysis to the one carried out in the previous chapter,
−2e = cA ≤ cK ≤ −2e, so cK = −2e. However, the Chern character of the object H0(B) takes the
form Ch(H0(B)) = (0, 0, dK − 8e2) and so it follows that 8e2 ≤ dk ≤ 8e2. Hence, this corresponds
precisely to the restriction of the free resolution of the ideal sheaf of the degree e2 curve.
In the n = 1 case, one can show that Exti(OS(−e), B) = 0 for i = 0, 2 and Ext1(OS(−e), B) =
C2e2 for generic B, a P2e2−1−bundle. The Beauville-Mukai system parametrizing such B has
dimension 4e2 + 2 (choosing a degree e hypersurface section in S (2e2 + 1) and for each selection,
genus g = 2e2 + 1 compactified Jacobian over it). The codimension is 4e2 − 2, which is twice the
dimension of the projectivized bundle of extensions. Hence there is a Mukai flop over this locus
provided the wall is a flopping wall.
We recall Lemma 2.2 of [10], which will be useful for classifying potential destabilizing objects
in P3 of objects E with Chern Character Ch(E) = (1, 0,−e2, e3). We then generalize Lemma 2.3
of [10]. This will in particular help determine which objects on the K3 surface are possibly the
restriction of a corresponding object in P3.
One thing to note is that the use of tilt-stability in the P3 case is a necessary step in defining
Bridgeland stability conditions and is analogous to the use of slope stability in theK3 case. Moreover,
the definition of tilt-stability for P3 and the stability conditions on K3 surfaces used in this thesis
are nearly identical, so many of the calculations previously included are analogous to those carried
out in the proofs of the following Lemmas.
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Lemma 51. ([10]) Let E ∈ Coh−β(P3) be tilt-semistable with respect to some β ∈ Z and α ∈ R>0.
• If Chβ(E) = (1, 1, d, e), then d − 12 ∈ Z≤0. In the case that d = −
1
2 , we get E ∼= IL(β + 1)
where L is a line plus 16 − e possibly (embedded points) in P
3. If d = 12 , then E ∼= IZ(β + 1)
for a zero dimensional subscheme Z ⊂ P3 of length 16 − e.
• If Chβ(E) = (0, 1, d, e), then d− 12 ∈ Z and E ∼= IZ/V (β + d+
1
2) where Z is a dimension zero
subscheme of length 124 +
d2
2 − e.
Proof. See Proof of Lemma 5.4 [9] or Lemma 2.2 [10] for details.
Remark. Adapting the proof of Lemma 51, one can show that if Chβ(E) = (1, e− 1, d, f) and E is
tilt-semistable for α >> 0, then twisting by O(1− e), observe that




3 + d(1− e) + f).
By Proposition 20 and Lemma 22, this is the Chern character of the ideal sheaf of a subscheme
Z ⊂ P3 of codimension 2. It follows that E ∼= IZ(e+ β − 1) and − (e−1)
2
2 + d ∈ Z≤0. Moreover, if
d = (e−1)
2
2 , then Z is zero dimensional and of length
(e−1)3
6 − f . If instead −
(e−1)2
2 + d = −k for
k ∈ Z≥1, then this is the ideal sheaf of a degree k curve with possibly embedded points in P3.
More generally, if Chβ(E) = (1, c, d, f) and E is tilt-semistable for α >> 0, E ∼= IZ(β + c)




3 − cd+ f) which
implies that − c22 + d ∈ Z≤0.
Lemma 52. If an exact sequence 0→ F → E → G→ 0 in Coh−e(P3) defines a wall for β = −e
with Ch(E)≤2 = (1, 0,−e2) then
Ch−e(F )≤2,Ch−e(G)≤2 ∈
{




for 1 ≤ c ≤ e− 1 and 2d > −ce and − c22 + d ∈ Z≤0
Proof. See proof of Lemma 5.5 [9] or Lemma 2.3 [10] for details.
Remark. In Lemma 52, if we set c = e − 1, this gives bounds for when the destabilizing object
is of the form IZ(−1) where Z ⊂ P3 is a codimension 2 subscheme consisting of a degree k curve
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with possible additional points. Generically, these points will not intersect the K3 surface S, so the
restriction of such an ideal sheaf to S will be the ideal sheaf of 4k points, twisted by OS(−1). This
has Chern character Ch(IZ(−1)|S) = (1,−1, 2− 4k), where − (e−1)
2
2 + d = −k with regards to the
Chern character on P3. If the additional points in Z that are not the degree k curve intersect S,
an application and adaptation of Lemma 40 shows that the restriction to S will yield an unstable
extension. Similarly, the quotients resulting from the sequences in Lemma 52 will also be governed by
how they intersect with S. In particular, if there are points associated to these objects, for example
the points of an ideal sheaf of points on a plane, that intersect S, this will again yield an unstable
object when restricted to S. Hence, these objects will not have restrictions in the moduli spaces in
the K3 settings. Moreover, there will be several quasi-projective spaces corresponding to the generic
extensions that will collapse down to the same loci in the K3 setting. The components of moduli
spaces with respect to P3 and associated to walls given by an ideal sheaf of a degree k curve will
all generically map to the loci destabilized in the K3 setting by the ideal sheaf of 4k points. Hence,
there are collections of destabilizing pairs that form distinct walls in the P3 moduli space setting
that, when restricted to the K3 surface, collapse together into fewer walls based on the degree k of
the curve for which they are an ideal sheaf.
We now remark on the distribution of walls corresponding to the rank one destabilizing objects
determined by Lemma 49. By Remark 1.2, for the destabilizing objects described above, the center
of the wall determined by IZ′(c) is to the right of the center of the wall determined by IZ′′(c) for
c ≤ −1 if and only if |Z ′| > |Z ′′|. In particular, for a given c, the wall determined by OS(c) contains
all the walls determined by ideal sheaves IZ(c). Furthermore, the center of a wall determined by the
objects with Chern characters (1, 0,−4e2) and (r, c, d) is given by (4e2r+d4c , 0) where c < 0. So, for
objects with Chern character (1,−1,−2e2 +4e+d), where −2e(e−1)+1 ≤ d ≤ 2(e−1)2 as in Lemma
49 (for c = e− 1), the centers (x, 0) of the associated walls range from x = −e2 − 12 , corresponding
to OS(−1), to x = −3e2 −
1
4 , just to the left of the center corresponding to the inner wall given by
0→ OS(−2e)→ OS(−e)⊕2 → E → 0, evenly spaced out by distance 14 . More generally, for objects
with Chern character (1, c − e, d − 4ce + 2e2) where 1 ≤ c ≤ e − 1 and −2ec + 1 ≤ d ≤ 2c2, the
centers (x, 0) range from x = e2c−e +
c−e




4(c−e) , just to
the left of the inner wall, again evenly spaced out by distance 14(e−c) . In particular, the outermost
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walls are first given by destabilizing objects with Chern character (1,−1,−2e2 + 4e+ d) but then as
the walls determined by OS(c− e) occur, more walls with more negative ch1 values occur. There
are in fact overlaps of walls, so after the wall determined by OS(−2), some walls will correspond to
two or more distinct pairs of destabilizing objects. At these walls, the behavior of the birational
transformation becomes more complicated because there may exist loci that are being modified in
multiple ways simultaneously. Moreover, the rank zero objects B with 1 − e ≤ ch1(B) ≤ −2 are
not as easily parametrized so the loci become far more complicated to describe. We can see this
phenomenon in the e = 4 case, with the destabilizing subobjects A above the free resolution wall
taking Chern characters Ch(A) = (1,−3, d) for 9 ≤ d ≤ 18, Ch(A) = (1,−2, d) for −15 ≤ d ≤ 8,
and Ch(A) = (1,−1, d) for −39 ≤ d ≤ 2. One can compute the centers of the associated walls and
determine that the Chern characters (1,−3, 11), (1,−2,−14), (1,−1,−39) all correspond to the same
wall. There are in fact several walls arising from multiple objects with distinct Chern characters in
the e = 4 case, and as e increases, the number of overlaps increases as well. On these walls, there
are several loci undergoing birational changes simultaneously corresponding to the distinct Chern
characters of destabilizing objects generating the wall.
Additional difficulties arise in the following manner as well. In [10], the inner most wall is
determined by the destabilizing sequence given by
0→ OP3(−4)→ O⊕2P3 (−2)→ E → 0
and thus E are given in the derived category by Ext1(OP3(−4)[1],O⊕2P3 (−2)). Due to the fact that
the degree 2 surfaces cannot be given by equations that are scalars of each other, this is determined
by a pencil of degree 2 surfaces in P3, given by G(1, 9). The non-ideal sheaves occur when the pencil
has a surface in the base locus, when a plane is contained in the base locus. More generally, for a
sequence
0→ OS(−2e)→ OS(−e)⊕2 → E → 0
such an E is determined by Ext1(OP3(−2e)[1],O⊕2P3 (−e)), again necessarily a pencil of degree e




for e ≥ 0, it follows that the moduli space M1




− 1). However, the non-ideal sheaves will be given by those for which
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the base locus contains a surface and as e grows larger there are more ways in which this can occur.
For the case when e = 4, the quartic surface S may in fact be cut out by one of the degree e surfaces,
and when e > 4 the surface S may be in the zero locus of one of the degree e surfaces provided the
degree e surface is cut out by a reducible polynomial. In the case of e = 4, restriction of E may not
correspond to an ideal sheaf of points but rather an ideal sheaf of a degree 4e curve in S. Moreover,
if the quartic surface S is part of the base locus, the restriction of such an E to S if nonzero is
OS(−e)⊕OC(e) where C ∈ |eH|. This restriction is neither Bridgeland stable nor semistable so it
is not represented in the K3 moduli space setting, and the comparison of the moduli space in the
P3 setting and the K3 setting becomes more complicated.
One possible behavior that can be generalized when the base locus has dimension greater than
zero is that in the moduli space M1, the non-ideal sheaves that correspond to the loci where there
is a surface in the base locus will be the centers of blowups of M1 in wall crossings. In particular,
in [10] the authors note that the wall crossing separating M1 and M2 results in a blowup of the
locus in M1 parametrizing the non-ideal sheaves. For higher values of e, this leads to the possibility
that for the strata in M1 corresponding to different ‘types’ of base loci, these will be blown up at
the wall crossings which correspond to ideal sheaves of curves as mentioned above in the remarks
following Lemma 52.
One last note is that for small values of e, namely 1 ≤ e ≤ 3, Proposition 43 gives that moduli
space M1 parametrizing the cokernels of
O(−2e)→ O⊕2(−e)
maps, via the restriction map, into a Lagrangian subvariety of Hilb4e2(S), with the map being
a local isomorphism. This fails to hold for e ≥ 4 because there may be cokernels for which the
corresponding curve lies in the surface S. One may then restrict to the open set contained in M1 of
cokernels for which one of the maps from O(−2e)→ O(−e) does not vanish on S. In this case, the




In the preceding chapters, the general recipe highlighted in the introduction provided one
method for determining several pairs of destabilizing objects and associated walls to examine. This
process yielded a description of many moduli spaces and the birational transformations associated
to crossing walls. These calculations relied on prior knowledge of an object that was restricted to
the K3 surface, namely ideal sheaves of curves in P3. In particular, the wall associated to the free
resolution of these ideal sheaves, when restricted to the K3 surface provided a starting point for
the investigation of pairs of destabilizing objects and associated walls. While the moduli spaces
classified in the preceding chapters are not necessarily an exhaustive list, what this does show is
that beyond a certain wall, all such objects which remain are not the restrictions of objects from
P3 related to those ideal sheaves or their moduli spaces. Moreover, there are objects which do not
restrict to stable nor semistable objects on the K3 surface. Taking flat limits of these objects and
looking at their restrictions, it follows that there are boundary points of loci in the K3 surface
moduli spaces which are not restrictions of stable objects, but are limit points of stable objects.
One thing to note is that in the results of Chapters 1 and 2, every wall crossing resulted in a
Mukai flop and the loci modified under these transformations were not of low codimension. One
reasonable question to ask from this is what geometric conditions on the points exist that determine
whether and how they are transformed in a sequence of birational transformations. For example, the
objects restricted from the components M23 , M24 , and M25 of the moduli spaces described in Theorem
47 all restrict to ideal sheaves whose points all lie on a given plane. Such geometric descriptions of
these objects and whether they are destabilized may shed light on more nuanced properties of these
objects, such as dimensions of their groups of vector spaces of extensions of given degrees.
Additionally, one may consider looking at the open subset of smooth quartic K3 surfaces and
examining the loci of restricted objects from the P3 moduli spaces with the K3 moduli spaces as the
K3 surface S is varied [22]. In particular, by Proposition 43 the space M1 in Theorem 39 maps to a
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Lagrangian submanifold in the K3 moduli space setting, as does M1 in Theorem 47. One may ask
how varying and deforming the K3 surfaces affects the existence of such a Lagrangian subvariety
and the properties of that particular subvariety. Moreover, this potentially provides an example of a
phenomenon Claire Voisin describes in [23], where deformations of S ‘preserves’ the Lagrangian
subvariety within Hilbn(S). More generally, she considers deformations of Hilbn(S) that preserve
the Lagrangian subvariety, not just those which arise from deformations of S.
In Chapter 3, we saw that for extensions E with Chern character Ch(E) = (1, 0,−4e2), there were
destabilizing subobjects for which the first Chern character took on values −(e− 1) ≤ ch1(E) ≤ −1.
Unlike in previous chapters where the destabilizing subobjects were generally twisted ideal sheaves
of points, these subobjects could in fact be ideal sheaves of degree ch1(E)−hypersurface sections on
S with possibly embedded points. Moreover, we saw that the non-ideal sheaves in M1 of [10] were
precisely those extensions
0→ OP3(−4)→ O⊕2P3 (−2)→ IC → 0
which had a plane in their base locus. It was this locus, a copy of G(1, 3)× (P3)∨ ⊂M1 which was
the center of the blowup of M1 to M2. For higher values of e, the different possibilities of base
loci increase in the analogous extensions. Consequently, the corresponding extensions which are
not ideal sheaves will be the centers of blowups, and these various centers may be associated with
those ideal sheaves of higher degree hypersurface sections on S. In addition, as these various loci
are blown up, the extension groups that form bundles over these loci may induce new components.
As these new components are encountered crossing walls towards the ‘large volume limit’, they
may undergo birational transformations themselves. One may note though that generically all the
objects from a component and its birational relatives will restrict down to the same form on the K3
surface, with embedded points ‘forgotten’ during the restriction, provided they do not lie on the
surface. In the case that the points are also on S, those corresponding restrictions will be neither
Bridgeland stable nor semistable, and hence not correspond to a point within the Hilbert scheme
or any of its birational models. One might expect that for each value of −(e− 1) ≤ c ≤ −1, there
will be a component in the ‘large volume limit’ moduli space in the P3 setting where the associated
destablizing subojects generically restrict to OS(c) on S.
Another phenomenon we saw was that the restrictions of objects from the moduli spaces in
83
the P3 setting would collapse certain fibers, say for example those which corresponded to an ideal
sheaf of points on a plane. This meant that there were objects on S which were not the restriction
of objects in P3 and that distinct extensions in P3 restricted to the same extension on S. This is
not necessarily unique to the K3 surface S, but will be observed when restriction to another fixed
projective surface; it is a matter of codimension counting that demonstrates the generic behavior
of restrictions and how fibers collapse. One should note that specific to the K3 surface S is the
phenomenon that many of the walls detailed in the previous chapter will in fact correspond to Mukai
flops of projective bundles over Beauville-Mukai systems. While the birational transformations of
the moduli spaces in the P3 setting may more often than not be divisorial contractions, the birational
transformations of the Hilbert scheme and its birational models will occur as Mukai flops with high
regularity. To accurately predict these requires a study of Diophantine equations to determine more
generally which walls are not associated with divisorial contractions; a more systematic approach
is necessary rather than relying on an ad hoc approach more suitable for cases where the number
of walls is extremely low. Finally, at the wall crossing corresponding to the restriction of the free
resolution of the ideal sheaf of the degree e2 curve, there will likely be stratified flops occurring.
This will correspond to loci of extensions for which H0(S,E(e)) is nonempty, and the strata will be
determined by the dimension of that vector space of degree e sections.
The process for determining and describing moduli spaces for objects on the quartic K3 surface
is also adaptable to other K3 surfaces. In particular, using the same process or adjusting it to
the degree six K3 surface in P4 or the degree 8 K3 surface in P5 would yield interesting birational
geometry for the associated Hilbert schemes of points on those surfaces. In those contexts, the
work in [24], which was extended in [25] details the existence of Bridgeland stability conditions for
Fano threefolds of Picard rank 1; running the same program for either of the cubic or quadric three
folds in P4 in which the degree 6 K3 surface sits, or a degree 4 threefold in a pencil of quadric
fourfolds within the net of quadric fourfolds in P5 containing the given degree 8 K3 surface would
yield interesting interactions between the moduli spaces of objects on those threefolds and objects
on the K3 surface S. Some limitations to this process do exist, based on the fact that for these
complete intersections, the restrictions of objects on the threefolds may degenerate depending on the
associated short exact sequences of the extensions. In particular, extensions highlighted in chapter
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3 of the form
0→ O(−2e)→ O(−e)⊕2 → IC → 0
already start to degenerate for e ≥ 4 if one of the two surfaces is the K3 surface or if the base
locus includes the K3 surface in the event that the degree e surfaces are reducible. In this event,
it is likely that the associated moduli spaces for the objects in P3 will need to be restricted to
quasi-projective spaces to avoid the degenerating loci.
Moreover, further classification of moduli spaces of Bridgeland stable objects in P3 of ideal
sheaves of the form
0→ O(−a)⊕m → O(−b)⊕m+1 → IC → 0
and their restrictions to a quartic K3 surface will follow a similar program as to the one used in
this work. The numerical constraints of this require ma = (m+ 1)b, a > b > 0, m(a− b) < 4 and
certain choices of a, b,m will be candidates to apply Theorem 41, possibly showing the existence of
explicit Lagrangian subvarieties in the associated Hilbert scheme of points on S. Relaxing the set
of inequalities to exclude m(a− b) < 4 will also yield additional moduli spaces of curves to study,
with the caveat that one must restrict attention to the quasi-projective spaces corresponding to
those free resolutions which do not degenerate when restricted to S in order to apply an argument
similar to Theorem 41. With these restrictions, it may be possible to find additional Lagrangian
subvarieties within the associated Hilbert scheme of points on S.
85
APPENDIX
In this section, I will present proofs for results used throughout the thesis.
Proof of Lemma 32. I claim that H0(IZ(−l), i∗L−k) = 0 for k ≥ 4d(l+1). Applying Hom(IZ(−l),−)
to
0→ i∗L−k → i∗L−k+1 → Cp → 0,
observe that h0(IZ(−l), i∗L−k) ≤ h0(IZ(−l), i∗L−k+1) for all k ∈ Z. It suffices to show that
H0(IZ(−l), i∗L−4d(l+1)) = 0.
Note that since Z ∩ C = ∅ the supports of the torsion sheaves i∗Lk and OZ are disjoint. Hence,
Hi(i∗L−k,OZ) = 0 for i = 0, 1, 2. Applying Hom(i∗L−k,−) to
0→ IZ(−l)→ OS(−l)→ OZ → 0
gives the isomorphism H2(i∗L−k, IZ(−l)) ∼= H2(i∗L−k,OS(−l)). Next, apply Hom(OS(−l),−) to
0→ OS(−(l + 2))→ OS(−(l + 1))→ i∗L−4d(l+1) → 0
to yield
0→ H0(S,O(−2))→ H0(S,O(−1))→ H0(OS(−l), i∗L−4d(l+1))→ H1(S,O(−2))
Since H0(S,O(−1)) = H1(S,O(−2)) = 0, it follows that H0(OS(−l), i∗L−4d(l+1)) = 0. By Serre
duality and the above isomorphism, it follows that H0(IZ(−l), i∗L−4d(l+1)) = 0. Therefore, the
claim holds.
Since i∗Lk is a torsion sheaf and IZ(−l) is torsion-free, it follows from Serre Duality that
H2(IZ(−l), i∗Lk) = 0.
Finally, observe that χ(IZ(−l), i∗L−k) = 4dl − 2d2 − k, but since
H0(IZ(−l), i∗L−k) = H2(IZ(−l), i∗L−k) = 0
it follows that h1(IZ(−l), i∗L−k) = −χ(IZ(−l), i∗L−k) = −4dl + 2d2 + k.
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Proof of Lemma 34. First observe that χ(OS , IZ(l)) = 2l2 + 2− z. From the short exact sequence
0→ IZ(l)→ OS(l)→ OZ → 0
we see that
0→ H0(S, IZ(l))→ H0(S,OS(l))→ H0(S,OZ)→ H1(S, IZ(l))→ 0
and
H2(S, IZ(l)) ∼= H2(S,OS(l))
since the higher cohomology of OZ vanishes. Since Z is sufficiently general and 2l2 +2 ≥ z, it follows
that Z places z linear constraints on the spaces H0(S,OS(l)) so that H0(S, IZ(l)) = C2l
2+2−z. Now,
since H2(S, IZ(l)) ∼= H2(S,OS(l)) ∼= H0(S,OS(−l)) = 0 since l ≥ 0, it follows that H1(S, IZ(l)) =
0.
Proof of Lemma 35. Observe that under the hypotheses, applying Hirzebruch-Riemann-Roch yields
χ(IZ(−l), i∗L−k) = 4l − 4k − 2. Since i∗L−k is torsion and IZ(−l) is torsion free, it follows from
Serre Duality that Ext2(IZ(−l), i∗L−k) = 0. Moreover, since restricting IZ(−l) to C yields a
degree −4l − m line bundle on C, and since −4l − m > −k, Hom(IZ(−l), i∗L−k) = 0. Hence,
Ext1(IZ(−l), i∗L−k) = C4k−4l+2.
Proof of Lemma 36. Consider the short exact sequence given by
0→ OP3(n− 4)→ OP3(n)→ OS(n)→ 0
Taking the associated long exact sequence, we see that
H1(P3,O(n))→ H1(S,O(n))→ H2(P3,O(n− 4))
and the vanishing of cohomologies for H i(P3,O(n)) for i = 1, 2 imply that H1(S,O(n)) = 0.
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Moreover,
0→ H0(P3,O(n− 4))→ H0(P3,O(n))→ H0(S,O(n))→ H1(P3,O(n− 4)) = 0
and the vanishing of H0(P3,O(n)) for n < 0 give the vanishing of H0(S,O(n)) for n < 0. For





= 2n2 + 2 for these particular numbers. Finally, for n ≥ 4 the sequence gives that









= 2n2 + 2.
Proof of Lemma 37. Observe that by Lemma 35, there are no maps that exist from the ideal sheaves
to the line bundles supported on the plane quartic, or maps from the line bundles to the ideal
sheaves. Hence, for isomorphic objects E and E′, this gives injective maps between the two ideal
sheaves. Since ideal sheaves are simple objects, any non-zero map from an ideal sheaf to itself is an
isomorphism and the composition of the two injections therefore is an isomorphism; these must in
fact be the same ideal sheaves. Moreover, if C 6= C ′, then restricting both sequences to C yields
an isomorphism between i∗L−l and OC∩C′ , a contradiction since one is finitely supported and the
other is supported on all of C. Hence, C = C ′. Finally, the Chern characters of the ideal sheaves
are the same, so the Chern characters of the line bundles are also the same which implies that k = l.
Hence, the result is shown.
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